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CHAPTER 1

INTRODUCTION

l.a General

This report along with an earlier report entitled "Longitudinal

Joint Systems in Slip-Formed Rigid Pavements: Vol. I, Literature Survey

and Field Inspection," (63) and Vol. III, User's Manual, are presented in

fulfillment of the requirements of this phase of the contract DOT-FH-ll-

8474 (Mod #4). This report covers the development of models, the theoreti-

cal evaluation of alternate joint systems, findings and conclusions from

this study, plus recommendations for implementation of the findings and

conclusions from this study, plus recommendations for implementation of

the findings and for further studies. Background of the specific problem

and its seriousness were presented in the earlier report (63).

This report emphasizes the theoretica7 evaluation of the joint system.

While the major emphasis of this study was the analysis of longitudinal

joint systems for use with slip-formed pavements, it is obvious that the

findings and conclusions reached have much wider implications. In fact,

the models presented in this report, should logically form the basis for

significantly improved design procedures for rigid pavements. As a

minimum, these models and analysis techniques will provide the tools for

the design and analysis for various pavement systems with both longitudinal

and transverse joints systems.

Field studies and field verification of these models were not part of

this modification of the contract. Tools are presented for the detailed

analysis of pavement systems with various types of longitudinal and trans-

verse joints, but actual performance of these systems are being validated

through testing of field installations.
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1.b Joint Functions

Concrete structure members are subjected to changes in volume due pri-

marily to changes in moisture content, and temperature. If volume change

in concrete is excessively restrained, then cracking, distortion, or

crushing due to excessive stresses (or strains) can occur.

Joints are placed in concrete pavement slabs to control cracking and

provide space and freedom of movement. Joints may also be required to

facilitate construction, such as longitudinal joints, without serving any

other structural purpose. Although joints are introduced in concrete slabs

partially to control cracks, problems associated with joints continue to

exist, result From pavement use, improper joint design and improper con-

struction methods.

Load is transferred across a joint principally by shear. Some moment

may be transferred through some types of joints, particularly doweled

joints, or across joints with the French connectors described later. The

amount of moment transfer is negligible however, andshould not be relied

upon in pavement design calculations. Thus, joints are structural weak-

nesses in the pavement system and stresses and deflections at the joints

should be of major concern to the designer. Lack of attention to such

structural weakness in concrete pavement slabs causes most of the problems

usually lamented by the maintenance engineer.

To minimize the effect of planes of weakness, adequate load transfer

capability must be built into a joint, or the pavement system must be

strengthened in some other manner such as by improving the slab support or

by increasing slab thickness.

Concrete pavement joints may be designed as contraction, expansion,

construction, or longitudinal joints according to their construction and

function.

2
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Figure 1-1. Joint Types
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l.b.(1) Contraction Joints

Contraction joints are designed to prevent internediate transverse

random carcking of concrete slabs due to slab shortening (Figures 1-1-a,

1-1-b). Under normal warm-weather construction conditions the pavement

slab attains its greatest length soon after placement due to high tempera-

tures associated with the hydration of the cement. As temperature decreases

and hydration heat diminishes, resulting in contraction of the concrete,

which combined with some drying shrinkage, causes slab to shorten signi-

ficantly at early ages. Contraction joints are placed in concrete slabs to

permit unrestrained movement, thus reducing frictional drag stresses induced

in the concrete to tolerable values. Contraction joints are usually

formed by weakening the pavement cross section, either by grooving the

fresh mix, embedding an insert strip, or sawing a groove as soon as the

concrete has attained sufficient strength to allow sawing without raveling

but before shrinkage occurs. Contraction joints may or may not be fitted

with load transfer devices. If load transfer devices are not provided

then the entire load transfer at these joints must be by aggregate inter-

lock.

l.b.(2) Expansion Joints

Expansion joints are intended to provide space for concrete slab

expansion (Figure 1-1-c). Expansion of slabs may result from temperature

or moisture increase, or from some unusual condition that causes abnormal

growth or lengthening of the concrete. The joints are built by placing a

compressible filler material throughout the full depth of the concrete

slab. Expansion joints always have load transfer devices, or are

strengthened by thickening the pavement edge or both.

4
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1.2.(3) Construction Joints

Construction joints are used at planned interruptions of paving opera-

tions such as at the end of each day's work, at leave-outs for bridges, at

intersections, and where emergency interruptions suspend operation for

30 minutes or more. Often transverse construction joints fall at planned

locations for expansion or construction joints and are built to conform

with the specifications for those joints (Figures l-l-d, 1-1-f).

l.b.(4) Longitudinal Joints

Longitudinal joints are located between paving lanes and are either

weakened-plane joints as shown in Figure 1-1-a or construction joints

(Figure l-1-g, 1-1-h). They may have dowels in place of ties.

Weakened-plane joints are normally used at the center of a two or

more pavement lanes when cast in a single operation. The purpose of such a

joint is to reduce stresses due to combined effect of temperature curling,

moisture warping and loading. Construction joints are used where adjacent

pavement lanes constructed separately join to form a continuous pavement.

These are full-depth joints with abutting plain faces or with formed keys

and keyways. Horizontal movement of these joints can be restrained by

tie bars or tie bolts. Figures l-l-g and 1-1-h show longitudinal construc-

tion joints with tie bar and tie bolt, respectively. Wide runway pavements

usually have a combination of different longitudinal joints allowing lateral

movement in some joints while preventing movement in others.

l.c Load Transfer Systems

The high stresses and deflections at slab edges can be reduced by pro-

viding load transfer systems across the joint. Load transfer across the

joint is developed by one or a combination of:

5



(1) Aggregate interlock,

(2) Dowel bars, and

(3) Keyways.

Aggregate interlock is the simplest means of load transfer system. The

irregular faces of the cracks that form below the groove or saw cut provide

some load transfer when the resulting joint opening is small such as when

short joint spacing is used. Aggregate interlock is normally used as the

only load transfer mechanism only when traffic volume is low, and the pave-

ment has a firm support such as a stabilized subbase.

Mechanical load transfer devices are used world-wide in the joints of

concrete pavements. Many alternative designs have been used, some of which

are simple structural shapes, others quite elaborate. Currently, however,

smooth, round, dowel bars are the most popular devices and are used by most

of the agencies because their performance, simple structural shape and low

cost. Table 1-1 gives the typical suggested dowel size and spacing for

concrete pavements. Dowels are normally installed in a single row at mid-

depth of the slab.

Keyed joints have long been used in the longitudinal joints of paving

lanes, where slab thickness is 8 in. (20 cm) or greater are specified.

Pavement slabs can be cast with either female keyway containing bent tie

bars or threaded inserts (Figure 1-2), or male keyway cast first and the

mating slab cast adjacent thereto. To complete the joint, when the female

side with bent tie bars are cast first the bent bars are straightened or

sections are threaded into the inserts prior to placement of the adjacent

slabs.

Tie bars of 1/2 or 5/8 in. (13 or 16 mm) diameter, 24 to 48 in. (61 to

122 cm) long and spaced at 18 to 48 in. (46 to 122 cm) intervals are normally

6
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Table 1-1. Dowel Size and Spacing (Ref. 1)

Slab Depth Dowel Diameter Dowel Length Dowel Spacing

in. (cm) in. (mm) in. (cm) in. (cm)

5-6 (13-15) 3/4 (19) 16 (41) 12 (30)

7-8 (18-20) 1 (25) 18 (46) 12 (30)

9-li (23-28) 1-1/4 (32) 18 (46) 12 (30)

12-16 (30-41) 1-1/2 (38) 20 (51) 15 (38)

17-20 (43-51) 1-3/4 (44) 22 (56) 18 (46)

21-25 (53-64) 2 (51) 24 (61) 18 (46)

7I
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a) Bent Bar

b) Threaded Bolt

Figure 1-2. Tie Bars
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used as ties to restrain lateral movement at keyed joints or joints with

aggregate interlock. Installation of load transfer systems along the

longitudinal joints when casting pavement with slip form pavers is often

a serious construction problem.

l.d Analysis of the Problem

To achieve a balanced design of the jointed concrete pavement system,

that is a design in which the pavementnear the joint performs as well as the

interior of the slab, it is necessary to be able to analyze the response of

the pavement system under the expected loading conditions with the appropriate

joint systems. Therefore, the structural analysis of the system with regard

to the evalaution of the stresses, strains, and displacements within the

critical regions of the system is of major concern. Based upon the relia-

bility of the structural analysis method, parts of the system may be over-

designed or under-designed. Thus, for a balanced design of jointed concrete

pavement system, it is required that a rational structural analysis of the

system be completed. Most concrete pavement slabs are designed by assuming

continuous slabs, infinite in extent, calculating the stresses and deflec-

tions for the continuous slab and then superimposing the selected joint

system on the slab. However, pavement joints and load transfer systems

which are an integral part of the pavement structure effect all pavement

components, should be taken into consideration in a rational analytical

model used for concrete pavement analysis.

l.e Scope of the Study of Methods of Analysis

The purpose of this study was to develop a structural analysis method

for jointed concrete pavements and pavement joints that would adequately

characterize the structural response of the jointed system to applied load.

9



Special emphasis for this study was to develop models which would permit

the analysis of joint systems which could be used with either slip form

or fixed form pavers. This portion of the study was divided into 4 phases.

Phase 1 was an extensive literature review and evaluation that consi-

dered the methods of analysis and design of concrete pavement joint systems.

The results of theoretical approaches as well as laboratory and field in-

vestigations were included. The structural failure modes of jointed con-

crete pavements as influenced by the characteristics of the joint system

were also reviewed. Results from Phase 1 are presented in Chapter 2.

Phase 2 emphasized the development of a rational structural analysis

method for jointed concrete pavement systems. Phase 1 findings indicated

the desirability of developing a finite-element model for the structural

analysis of these systems, and the analysis and the modeling was broken

down into a two-dimensional and a three-dimensional analysis stages.

The two-dimensional analysis is based on a finite-element model

developed from the classical theory of medium-thick plate on Winkler

foundation. Various types of load transfer systems such as dowel bars,

aggregate interlock, keyways, or a combination thereof could be consi-

dered at the pavement joints. Dowel bars at the pavement joints were

treated as linearly elastic beam elements located at the neutral axis of

-the slab. Linearly elastic spring elements were employed for modeling

aggregate interlock or keyways for load transfer system at the pavement

joints. The model developed is capable of analyzing pavement slabs sup-

ported by a stabilized base or slabs with flexible or rigid overlays.

A three-dimensional finite element model was developed for analysis

of the concrete pavement in the vicinity of the joint. Input to the

three-dimensional model was linked to the two-dimensional analysis to

10
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to provide appropriate boundary conditions for the analyses. Phase 2 results

are presented in Chapter 3.

In Phase 3, the structural models developed in Phase 2 were validated

by comparing the finite-element solutions with available theoretical solu-

tions (Refs. 2, 3), and the results of previous experimental studies

(Refs. 4, 5). No field investigations were carried out to validate the

structural analysis models developed. Phase 3 results are presented in

Chapter 3.

In Phase 4, the structural models were used to perform a parameter

studies to define the interaction among the various factors affecting the

stresses and deflections of the concrete pavements at or near the joints.

Other applications of the model to concrete pavement analysis and design are

illustrated in several example problems presented in Chapter 4. Chapter 5

presents a comparison of various joint systems compatible for use in longi-

tudinal joints for slip formed rigid pavements. Comparative cost data are

presented for several of the alternate systems as available. Design recom-

mendations for longitudinal and transverse joints, based on the current

technology, are also presented in Chapter 5.

Chapter 6 gives recommendations for validation of the findings from

this study.
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CHAPTER 2

PERFORMANCE OF JOINTS AS RELATED
TO EXISTING METHODS OF DESIGN AND ANALYSIS

OF CONCRETE PAVEMENTS

2.a General

In reviewing the results from the field surveys for this project, and

from discussions with pavement engineers, it can be concluded that the

performance of concrete pavements is controlled by the performance of the

joints, and of the concrete slabs in the immediate vicinity of the joints.

Several engineers visited as well as the evidence seen by the project staff

on pavements in service, clearly indicates nearly all distress in concrete

pavements occurs near the joints and is directly related to the behavior

and performance of the joint system. If realistic designs procedures are to

be developed for concrete pavements the design of the joints must be an

integral part of that procedure, and not something to be added at a later

time.

The primary thrust of this study was to evaluate alternate joint systems

for longitudinal joints for use with slip formed pavements. While it is

apparent that the design of a joint system for the longitudinal joints for

use with slip formed pavements will give restraints to the type of joint

system which can be installed, once a joint system is installed whether it

is a longitudinal or transverse joint will have little effect on how the

joint system affects the behavior of the pavement. For purposes of this

study all joints were considered on the same basis for evaluating their

performance and their effect on pavement behavior. A doweled joint system

for example, is considered in the same manner whether used as a longitudinal

joint between paving lanes or as load transfer for a transverse joint. There

12
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may be some differences in the performance of the two joints because of the

repetitive nature of the loads but not in the behavior of the joints under

a given load.

2.b Existing Methods of Analysis and Design

The determination of stresses and deflections in concrete pavement

slabs, due to loading, has been a subject of major concern for several

years. Several theories for analyzing pavement slabs have been developed,

but the classical bending theory of a medium-thick plate, because of its

simplicity and validity, has been the most popular. Development of the

classic differential equation for a medium-thick plate is presented in

many standard references, including Reference 20, and will not be repeated

here. The partial differential equation (2-1), forms the basis of the

method of analysis considered most realistic by most investigators.

3 4 4 4
Eh aw(x YA+ 2 2 w(x' y 4 = p(x, y) - q(x, y) (2-1)

12( - ) ax4  ax2 ay2 ay4

where:

E = modulus of elasticity of the concrete slab

= Poisson's ratio of the concrete slab

h = thickness of the concrete slab

w(x, y) = deflection of the slab at point (x, y)

p(x, y) = externally applied load

q(x, y) = reaction of the idealized subgrade

In this method it is assumed that the plate is continuously and uniformly

supported, and the subgrade provices only vertical reaction to the slab.

2.b.(l) Bending of Plates on Winkler Foundation

In 1926 Westergaard (Ref. 2), assuming that the reactive pressure

13



a) Winkler Foundation

b) Elastic Solid Foundation

Figure 2-1. Comparison of Winkler Foundation with
Elastic Solid Foundation
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1

between subgrade and slab at any given point to be proportional to the

deflection at that point (Winkler foundation, see Figure 2-1-a), developed

some mathematical models for determining the critical stresses in an

infinitely large concrete slab, under a single load, for three cases of

loadings, namely, corner, edge, and interior. The equations shown below

were developed by Westergaard to give the maximum stresses and deflections

in the concrete slab for the specified loading cases.

Case 1. Interior load

0.275 (0 + P) P b- + 1.069) (2-2)

h

P [(1 a (0.217 - 0.367 log a-) (2-3)2

Case 2. Edge load

a=0.497 (1 + pi) - (4 log + 0.359) (2-4)
h

A =1 (I + 0.4 p) P (2-5)

Case 3. Corner load

3P - ( 6) (2-6)
h

A P (1. - 0.88 f a)(2-7)
k.7

!k 9
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where:

a = the maximum bending stress at the extreme faces of the slab

A = the maximum deflection of the slab

P = applied load

a = radius of a circular loaded area

b = /1.6 + - 0.675 h, for a < 1.74 h

b = a, for a > 1.74 h

k modulus of subgrade support

= radius of relative stiffness of the pavement with

respect to subgrade given by

42 Eh (2-8)

12(l - i2)k

To extend the method for analysis of slabs with multiple loads, Pickett

and Ray (Ref. 3) developed influence charts, which have been employed by the

Portland Cement Association (PCA) (Ref. 1) for the design of concrete pave-

ments.

2.b.(2) Bending of Plates on Elastic Solid Foundation

In 1938 Hogg (Ref. 21) and Holl (Ref. 22) by assuming the subgrade to

behave as an elastic foundation of infinite depth developed mathematical

equations for determining the critical stress and deflection in infinitely

large slabs under a single load applied at an interior point on the slabs.

The significant difference between an elastic solid subgrade and the Winkler

foundation is shown in Figure 2-1. The following equations give the maximum

stress and deflection in the slab due to a symmetrical load applied at the

interior of the slab. Note that equations for an elastic slab on an elastic

solid subgrade have not been solved for edge and corner loading conditions.

16
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t2

6P a2

J 0 + p)(0.1833 log - - 0.049- 0.0120 a 1  (2-9)
h e

e
- 2 a

[1 ---- (0.144 - 0.238 log -)] (2-10)
3MYD e

where:
te -"3/ ¢ (2-11)

1h 3

D (2-12)
12(1 - )

C 2(1 s2 (2-13)

Es = modulus of elasticity of the subgrade

Ps - Poisson's ratio of the subgrade

2.b.(3) Finite-Element and Discrete-Element Models

The theoretical solutions discussed heretofore were based on an assumed

infinitely large slab with no discontinuities, with a load at the corner,

on the edge, or at an interior position. These analyses may not be applica-

ble to a finite slab with most traffic moving at a short distance from the

slab edges. Furthermore, these methods were developed for ideal cases where

there are no joints or cracks, and for slabs with uniform thickness, and

uniform subgrade support. With the development of high speed computers and

the powerful finite-element and discrete-element methods, it is now possible

to analyze concrete pavements in a more realistic manner.

Use of discrete-element method for structural analysis of plates was

pioneered by Newmark (Ref. 23) and Ang and Newmark (Ref. 61). Later this

method was employed by various investigators, Hudson and Matlock (Ref. 35),

and Vesic and Saxena (Ref. 25) for analysis of concrete pavement slabs. In

17
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a) Discrete-Element Model of a Plate or Slab

b) A Typical Joint Taken from Discrete-Element Model

Figure 2-2. Discrete-Element Model of Concrete Pavement
Slab (Ref. 24)
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developing a discrete-element model to simulate pavement slabs as, for

example, by Hudson and Matlock, the concrete slab was considered as an

assemblage of elastic joints, rigid bars, and torsional bars as shown

in Figures 2.2. This model is helpful in visualizing the problem and

forming the solution. The model consists of:

(1) Infinitely stiff and weightless bar elements to connect

the joints.

(2) Elastic joints where bending occurs, made of an elastic,

homogeneous and orthotropic material which can be described

by four independent elastic constants.

(3) Torsion bars which represent the torsional stiffness of

the plate.

(4) Elastic support springs which provide foundation support.

These springs can either support the forces exerted by the

slab to the subgrade or can restrain the slab from lifting,

but cannot sustain or transmit lateral forces.

The basic equation of equilibrium developed from application of the

model shown can be presented in generalized matrix form (Ref. 26) as:

[K] {w} = {F} (2-14)

where:

[K] = stiffness matrix

{w} = displacement vector

{F} = load vector

A computer program to solve the above equation has been developed (Refs. 24,

26).

The effect of joints and shrinkage cracks is taken into consideration

19
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with the discrete element model by reduction of bending stiffness of the

slab at those stations where a joint or crack are assumed to exist. The

effect of transverse shrinkage cracks on the longitudinal bending rigidity

of continuously reinforced concrete pavements was studied in Texas (Ref. 27)

using this procedure. It was found that a significant drop (80 to 90 percent)

in the bending rigidity of concrete slab is encountered at these crack loca-

tions.

The primary source of error associated with the use of the discrete

element model is in approximating a continuum with a lumped parameter model.

The error can be reduced by decreasing the size of the mesh used, but this

increases the computer time and cost required to solve the problem. Since

the increased number of increments generally affects the solution only near

points of abrupt or rapid changes in load, support condition, or stiffness

of the slab, Pearre and Hudson (Ref. 28) have described a method which

permits using two different element sizes in the model. Further improve-

ments of this model were made by Vera and Matlock (Ref. 29) for analysis

of anisotropic skew plates and grids.

Finite-element methods for analysis of concrete pavement slabs has

been used by several investigators, including Eberhardt (Refs. 30, 31),

Huang and Wang (Refs. 32, 33, 34). In contact while with the discrete

element model in which the concrete slab is considered as an assemblage

of elastic joints, rigid bars, and torsional bars (Figure 2.2), the

finite-element method is based on plate theory in which the entire slab

is comprised of a series of small (finite) slab elements jointed together

at the nodes. This is presented in detail in Chapter 3.

The finite-element models developed by Eberhardt (Refs. 30, 31), and

Huang and Wang (Refs. 32, 33, 34), were based on rectangular plate elements

20



x

Figure 2-3. Specialized Finite-Element Representation of Joints
with Partial Moment Transfer (Ref. 30)
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originally developed by Melosh, each having three degrees of freedom per

node (Ref. 59). The subgrade was assumed to behave as Winkler foundation

in References 30, 32, and 33, and Reference 34 idealized the effect of

subgrade on the concrete pavement as an elastic half space solid.

In these finite-element models the slab is divided into a number of

rectangular elements, and a rectangular stiffness matrix (Ref. 46), relating

the nodal displacements to nodal forces is utilized to represent each ele-

ment. By assembling the stiffness matrices for all elements in the system,

the force-displacement relationship for the system as a whole is developed.

The force-displacement relationship in generalized matrix form is of the

form given in Equation 2-14, which is then solved for unknown displacements,

strains and stresses at any point in the slab.

For the model developed by Eberhaidt (Refs. 30, 31), the physical

chracteristics of the joints were taken into consideration through reduction

of slab stiffness at the joints. Figure 2.3 shows the specialized element

with conceptual dimensions (X. by Y by tj), where S. is the joint opening,

Y is the normal element length, and t. is the thickness required for a

given percentage of moment transfer across the joint, and is determined

from the following equation:

= 3 AmlO0 t (2-15)

where:

Rm = percentage of the moment transferred across the joint

t = thickness of the basic slab

For the finite-element model developed by Huang and Wang (Refs. 32, 33,

35) the effect of doweled joints was taken into consideration by imposing a

specified value for deflection efficiency across a joint expressed as the

22
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ratio of deflections of two adjacent slabs along the joint. The efficiency

of doweled joints was defined as

W
L = x 100 (2-16)

where:

L = efficiency of doweled joint in percentage

W9 = deflection of the loaded slab

W r = deflection of the unloaded slab

Assuming the discontinuity of the two adjacent slabs, equilibrium

equations for each slab, in terms of unknown displacements, are developed.

In this step it is assumed that there is neither moment nor shear transfer

across the doweled joint. By assuming no moment transfer across a doweled

joint, the addition of dowels affects only those equations that represent

vertical forces at the nodes. Finally, by equating the sum of the every

two equations corresponding to vertical forces at adjacent nodes along the

joint to the externally applied force at these nodes the number of equations

is reduced. However, at every two adjacent nodes, one equation (efficiency

equation) is added to the set of the equilibrium equations, resulting in

the total number of equations remaining unchanged (Ref. 32).

2.b.(4) Analysis and Design of Dowel Bars

The use of smooth, round steel bars across transverse joints in con-

crete pavements for the purpose of transferring load was reportedly first

used in a pavement built in 1917-1918 between two army camps near Newport

News, Va. In this installation four 3/4 in. (19 mm) diameter bars were

used in the 20 ft. (6.1 m) pavement width (Ref. 3). In the years that

followed World War I the use of steel dowels spread rapidly, and by 1930

nearly half of the states required use of dowels in transverse joints
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(Ref. 35). However, the requirements of dowel diameter, length, and

spacing varied widely.

In 1932 Bradbury (Ref. 36) attempted to determine analytically the

required diameter, length, and spacing of dowels. His studies indicated

theneed for larger diameter dowels than had previously been used, and

closer dowel spacing. Through the application of the Timoshenko's

equations (Ref. 37) for the bending of bars embedded in an elastic body,

Bradbury developed a formula for estimating the required dowel length.

In 1938 Friberg (Ref. 38) analyzed the dowel equations by means of the

same equations (Timoshenko) and reported on an experimental study of the

support afforded dowels by the surrounding concrete. Friberg also empha-

sized the advantages of increasing dowel diameter and decreasing dowel

spacing. He concluded that the length of dowels could be reduced below

the 24 in. (61 cm) length then in common use. Westergaard (Ref. 39) in

his analytical studies of dowel reactions, concluded that the major part

of the load transfer is accomplished by the 2, or at most, the 4 dowels

nearest to the wheel load.

In 1940 Kushing and Fremont (Ref. 40) published a theoretical analysis

of the distribution of reactions among the several units of a doweling

system in which the authors assumed an elastic deflection of the dowels.

Results of this study indicated a wider distribution of reactions than was

indicated by Westergaard's study in which the dowels were assumed to be

rigid. In a discussion of the results and conclusions of this study,

Sutherland (Ref. 41) presented the results of a series of experimental

studies that supported the conclusions of Westergaard and his assumption of

rigid dowels and indicating that only the dowels near the load were effective

in the load transfer.
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The conventional analysis for distribution of dowel shear forces along

the joint was presented by Friberg (Ref. 42). It was observed that according

to the theoretical analysis presented by Westergaard, maximum negative

moment occurs at a distance 1.8 Z from the point of applied load, where k is

the radius of relative stiffness of the concrete slab with respect to subgrade

as was defined in Equation 2-8. Thus it was assumed that the dowel bar

immediately under the applied load carried full capacity and those on either

side carried a load which decreased linearly from full capacity at the point

of load to zero at a distance of 1.8 Z from the center of the loaded area.

Because of lack of viable analytical tools to establish this load transfer

distribution, it was assumed that the distribution of transferred load was

linear.

Stresses in dowel bars result from shear, bending, and bearing. These

stresses can be determined analytically to determine those factors which

affect load-transfer characteristics of the dowels. All of the mathematical

analyses of dowel design have been based upon the principles of elasticity

first presented by- Timoshenko (Ref. 37). According to Timoshenko, a dowel

bar encased in concrete can be modeled as a beam on a Winkler type foundation

(Figure 2-4). The following differential equation forms the basis of the

method.

El fl- = - Kby (2-17)

dx 4

where:

El = flexural rigidity of the dowel bar

K = modulus of dowel support

b = diameter of the dowel

The solution of the above equation gives the moment, shear and deflection

at any point in the dowel, which are:
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Figure 2-4. Pressure Exerted on a Loaded Dowel Bar
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y = e E P Cos (x - (M (Cos 1;x - Sin lix)] (2-18)

V 3 El t0

-x

M = [P Sin (x - (M0 (Sin (ix + Cos C$X)] (2-19)

V = -e- x [(2 (Mo - Pt) Sin Bx + Pt Cos (x] (2-20)

a = Ky (2-21)

where:

4 K b (2-22)

Pt = transferred load by dowel

Mo =bending moment on dowel at face of concrete

a = bearing pressure on the concrete

Assuming the two adjacent slab faces at the joint remain parallel to

each other, then a point of counterflexure exists at the center of the

doweled joint and Equation 2-23 gives the moment in the dowel as a function

of joint opening and load transferred as:

M° = 1/2 w Pt (2-23)

where w is the width of joint opening.

The rate at which the concrete reacts against deflection of the dowel

bar, is referred to as modulus of dowel support (K), which appears in

Equations 2-17 through 2-22. Therefore, shear and bending stresses in the

dowel bar, and bearing stress on concrete, which is usually the controlling

parameter for dowel design, are functions of K.

One of the problems involved in this analysis is the proper selection

of this modulus of dowel support (K). For convenience the value for K has

27
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often been considered a constant equal to 1,500,000 pci (406,500 N/cm 3).

Table 2-1 (Ref. 43) indicates that test results have produced a wide range

of values for this parameter. Testing procedures have varied between investi-

gators, but it appears that K is also susceptible to variation between speci-

mens tested in a prescribed manner. A study of the results from these in-

vestigations seems to indicate that K is not a constant but varies with the

concrete properties, dowel diameter, slab depth, dowel length and dowel

looseness.

In reality, the interaction between a loaded dowel bar and surrounding

concrete is in three-dimensional state of stress, dependent upon dimensions,

elastic properties, boundary conditions of the dowel bar and the concrete

slab, and this interaction cannot be modeled as a single quantity such as K.

Dowel Bending and Shear Stresses

Equations 2-19 and 2-20 were employed for determination of bending and

shear stresses in the dowel. Maximum bending stress in a dowel, according

to Equation 2-19, occurs at a point slightly inside the face of concrete;

whereas the maximum shear stress in the dowel occurs at the face of concrete

(Equation 2-20). For design of dowels, these stresses should be limited to

the allowable bending and shear stresses for the steel in the dowel bars.

The recommended allowable bending and shear stresses suggested for steel

dowels are respectively 0.60 and 0.40 times the yield strength of the

steel.

Concrete Bearing Stresses

Bearing pressure of the dowel on the concrete is usually the control-

ling factor in design of dowel bars, and it is determined by use of Equation

2-21. The American Concrete Institute (ACI), subcommittee 325 (Ref. 43)
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recommended the following relationship for determining the allowable bearing

stress on concrete.

f (4_b) fa 3 fc (2-24)

where:

b = diameter of dowel bar

V = compressive strength of concretec

Based on this equation, allowable bearing stress on concrete for a 1 in.

(25 mm) dowel bar is equal to compressive strength of concrete. However,

concrete has been observed to withstand higher bearing stresses, and values,

in the range of about 2 to 3 times the 28 day compressive strength of

concrete have been observed. Marcus (Ref. 44) reviewed the results of

tests performed by the National Bureau of Standards to determine the

resistance of concrete to uniformly distributed bearing stresses by

dowels of different diameter placed on prismatic concrete blocks of

depths 6, 12, and 18 inches (15, 30, and 46 cm). The ratio of the ultimate

bearing stress to the compressive strength of concrete (fb/f') are

presented in Table 2-2. It can be seen that from the results of these

tests concrete withstood bearing stresses equal to 1.73 - 3.43 times the

compressive strength of concrete. Initial failure of concrete usually

accompanied by small cracks and/or -palls, before the ultimate load was

applied.

In a series of tests conducted by Friberg (Ref. 38) on loaded

dowels embedded in concrete blocks initial and ultimate loads were

measured. Dowel bars of three sizes, 3/4, 1, and 1 1/4 inches (19, 25

and 32 mm) were embedded 3, 6, and 9 times of their diameter in prismatic

concrete blocks 6, 7, and 9 inch (15, 18, and 20 cm) thicknesses. Table 2-3
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Table 2-2. Ratio of Concrete Bearing Stress to
Compressive Strength of Concrete
(Ref. 44)

Dowel Size Depth of Concrete Block in. (cm)

in. (mm) 6 (15) 12 (30) 18 (46)

3/4 (19) 3.43 2.61 2.76

1 (25) 3.15 2.34 2.40

1-1/2 (38) 2.51 1.83 1.99

2 (51) 2.16 1.78 1.73

Table 2-3. Progressive Failure Loads (Ref. 38)

Dowel Size Ave. Failure Load, Kips (KN)

in. (mm) Initial Ultimate

3/4 (19) 4.3 (19.1) 6.8 (30.2)

1 (25) 5.9 (26.2) 9.1 (40.4)

1-1/4 (32) 7.0 (31.1) 12.0 (53.3)

30



and Figure 2-5 illustrate the average failure loads of all specimens for

various dowel sizes. From these test results it is seen that initial

failure of concrete occurs with loads about 2/3 of the ultimate failure

loads.

Dowel Looseness

Dowel looseness is defined as the space between the dowel bar and

the surrounding concrete. When a load is applied on one slab near a joint

with a loose dowel, the loaded slab will first deflect an amount equal to

the dowel looseness before the dowel bar starts to bear on concrete.

Therefore, a dowel can function at its full efficiency only after this

looseness is completely taken up by the relative slab deflection.

Dowel looseness consists of two parts, initial looseness and loose-

ness caused by elongation of the socket caused by repetitive loads. Causes

of initial dowel looseness are summarized in Reference 24, as:

1. Coating applied to dowels to prevent bond and/or to

protect dowels against corrosion.

2. Water or air voids in the concrete around the dowels due to

improper vibration.

3. Shrinkage of concrete during hardening.

Figure 2-6 shows the effect of dowel diameter, slab depth, joint width,

and length of dowel embedment on the initial dowel looseness, measured by

Teller and Cashell (Ref. 35). Based on this investigation dowel loose-

ness was found to be about 0.002 to 0.004 inches (0.05 to 0.10 mm).

The high-bearing pressure between the dowel and the concrete, parti-

cularly in the region above and below the dowel near the face of the joint,

tend to break down or wear the concrete during repetitive loading, and

increase the dowel looseness. Teller and Cashell also investigated the
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Figure 2-5. Effect of Dowel Size on Progressive Failure
Load (Ref. 38)
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effect of repetitive loads on dowel looseness. Figures 2-7 through 2-10

illustrate the effect of load magnitude, number of load applications,

diameter of dowel, length of dowel embedment, and width of joint opening

on the dowel looseness.

Effectiveness of dowels for load transfer progressively reduces as

the dowel looseness increases. Figure 2-11 shows the relationship between

dowel looseness and loss in load transfer, after 600,000 cycles of a 10 kips

(55.56 KN) load (Ref. 35). The load transfer in this study was calculated

using the following expression:

LT - 1 x 100 (2-25)

2+ -AF

where:

AD = dowel deflection

&F = free-edge deflection of the slab with no dowels

LT = load transfer, percent

Since dowel looseness reduces load transfer capability of a doweled joint,

it is therefore essential that looseness be kept at an absolute minimum.

To do this concrete should be vibrated very thoroughly around the dowels,

the thickness of any bond breakers be kept to a minimum, and the value

of bearing stress on the concrete be kept at a realistic value by using

dowels of adequate diameter, length, and spacings.

value of bearing stress on the concrete be reduced by using dowels of

adequate diameter, length, and spacings.

The effect of load repetitions on joint efficiency (relative deflec-

tion of unloaded slab to loaded slab), was investigated by PCA (Ref. 16).

In this study concrete beams containing doweled joints with 3/4 and I inches
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(19 and 25 am) diameterdowel bars were tested under repetitive loading.

Results of the dynamic tests on these jointed beams indicated that the

joint efficiency of the doweled joints decreased as the number of load

applications increased. Figure 2-12 shows the trend in loss of joint

efficiency, and Table 2-4 summarizes these results.

2.b.(5) Aggregate Interlock as a Load Transfer Mechanism

Aggregate interlock as a mechanism for load transfer across a joint

is not normally used with longitudinal construction joints. This mechanism

is frequently used, however as the basic load transfer mechanism for joints

formed at the center of paving lanes to reduce the slab width. If joint

location with respect to location of wheel loads is to be considered in

optimizing the pavement joint systems then the performance of the joints

with aggregate interlock must also be given consideration.

As with doweled joints, performance of joints with aggregate interlock

can be evaluated in two phases; the initial efficiency of the joints, and

the long-term efficiency. Tests reported by Colley and Humphrey (Ref. 53)

indicate both the initial and long-term efficiency of joints with aggregate

interlock are functions of joint opening. Results in Figure 2-13 indicate

that as long as the joint opening is less than about .045 inches (1.15 mm)

the initial efficiency of the joints for load transfer would be high. As

the joint opening is increased above about .050 inches (1.25 mm) the joint

efficiency decreases significantly with increasing joint opening.

As can also be seen in Figure 2-13 increased joint openings have a

significant effect on the long-term load transfer performance of the joints.

To achieve good long-term performance of these joints, a joint opening of

.025 inches (0.62 m) or less must be maintained.

Design criteria for joints with aggregate interlock were developed by

Colley and Humphrey (Ref. 53). Figure 2-14 shows the relationship between
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Table 2-4. Loss in Joint ifficiency (Ref. 16)

Dowel Initial Load Joint E ficiency

Joint Type Diameter Load Cycles

in. Kips Millions Initial -Final

• ; -II • L 3/4 6.3 2.66 94 68

24 in.

3/4 8.5 3.21 98 74

24 in.

ZIIIIE 3/4 8.0 2.06 96 70

18 in.

Itwo 8.5 2.36 96 78

L 18 in.

- -1
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Figure 2,12. Effect of Repeated Loadings on Joint
Efficiency (Ref. 16)
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subgrade support, slab thickness, joint opening dnd long-term load transfer

efficiency of the joints based on the simulated tests conducted on the beam

samples by PCA.

From the parameters involved in the design nomograph, it is apparent

that the long-term effectiveness of joints with aggregate interlock is a

function of the shear stresses across the joints. To develop the necessary

design criteria for pavements with this type of joint it is necessary to

evaluate the critical stresses across the joints for typical pavements

with normal loading conditions.

2.b.(6) Keyed Joints

Keyed joints are the most common type joint used for load transfer

across longitudinal construction joints. It is because of the specific

problems associated with this type joint and the problems in constructing

keyed joints with slip formed pavements which has spurred this study. A

more detailed discussion of the keyed joint problems and their performance

is presented in an earlier report from this study entitled "Longitudinal

Joints for Slip Formed Rigid Pavements; Vol. 1, Literature Survey and

Field Inspection."

2.c Limitations of Present Methods of Analysis and Design

In the current design procedures jointed concrete pavements are ana-

lyzed and designed by assuming continuous slabs, infinite in extent, cal-

culating the stresses and deflections for the continuous slab and then

superimposing the selected joint systems on the slab. However, various

types of joints with different load transfer systems and their different

effectivenesses affect the structural response of the jointed concrete

pavements under load, and to be valid the structural model used should be
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able to consider the entire pavement system with all the pavement components

such as joints, load transfer systems, type of subbase, uniformity of support

including loss of subgrade support, non-uniform slab thickness, etc. The

major limitations of present methodology and models used for analysis and

design are summarized below:

(1) The primary mechanisms of concrete pavement joint failure

is not well understood.

(2) A comprehensive model for analysis of jointed concrete

pavement considering all the pavement components has not

been developed.

(3) Structural analysis of various joint types is still in a

state of development.

(4) There are no provisions for economic or performance compari-

sons of different joint alternatives.
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CHAPTER 3

DEVELOPMENT OF THE ANALYTICAL MODELS
FOR ANALYSIS OF JOINTED CONCRETE PAVEMENTS

AND PAVEMENT JOINTS

3.a General

For many pavement structures it has been virtually impossible to

obtain analytical (closed form) solutions because of the complexity of

geometry, boundary conditions, and material properties, unless certain

simplifying assumptions were made which result in a change or modifica-

tion of the characteristics of the problem. With the advent of high speed

digital computer methods, solution of these complex structural problems has

been greatly facilitated. One of the most powerful methods that has

evolved is the "finite-element method." This method of analysis is appli-

cable to a wide range of complex, boundary value problems in engineering.

lo be effective the analytical model f6rthe jointed concrete pave-

ment should be capable of handling the following parameters on an integral

basis.

(1) Concrete pavement with a stabilized base or an overlay,

(2) Concrete pavement with non-uniform slab thicknesses and non-

uniform subgrade support,

(3) Effect of the loss of subgrade support,

(4) Effect of different load transfer joint systems,

(5) Localized stresses at the joints,

(6) Effect of slippage and/or separation at the joints, and

(7) Partial shear or moment transfer at the joints or cracks.

With proper application, the finite-element method is capable of analyzing

all of the foregoing situations.
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3.b The Finite-Element Method

Basically, with the finite element method approach the system to be

analyzed is represented by an assemblage of subdivisions or discrete bodies

called finite-elements. These elements are interconnected at

specified locations which are called nodes or nodal points. Functions are

developed to approximate the distribution or variation of the actual dis-

placements over each finite element, and such assumed functions are called

displacement functions or shape functions. Relationships are then esta-

blished between these generalized displacements (usually denoted as {d})

and generalized forces (usually deonted as p}) applied at the nodes using

the principal of virtual work or some other variational principle. This

element force-displacement relationship is expressed in the form of

element stiffness matrix (usually denoted as [k]) which incorporates the

material and geometrical properties of the element, viz.,

[k] (6} = {p} (3-1)

The overall structural stiffness matrix, [K] is then formulated by

superimposing the effects of the individual element stiffness using the

topological or the element connectivity properties of the structure.

The overall stiffness matrix is used to solve the set of simultaneous

equations of the form:

[K] {Al : {P} (3-2)

where:

{P} = applied nodal forces for the whole system

{A} = resulting nodal displacements for the whole system

3.b.(l) Finite-Element Modeling of the Jointed Concrete Pavement and

Pavement Joints

A typical longitudinal section and a typical transverse section
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a) A Typical Longitudinal Section

Wheel Loads

Concrete Slab x

/.'Stabilize~d Base.. i ."" i " .

Subgrade

b) A Typical Transverse Section

Wheel Loa nda l s

484

Concrete Slab

Subgrade

Figure 3-1. A Typical Longitudinal and a Typical Transverse

Section of a Jointed Concrete Pavement System
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Transverse Joints

Figure 3-2. A Typical Finite-Element Mesh Used for Two-Dimensional
Analysis
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of a jointed concrete pavement are shown in Figure 3-1. It can be seen

that because of the three-dimensional geometry and non-symmetric loading

conditions, analysis of the jointed concrete pavement system should consi-

der a three-dimensional approach. While it is possible to formulate a three-

dimensional finite-element model that would represent the whole system, the

amount of discretization and the computer costs required for solution of

the problem would be high and impractical.

A two stage analysis of the jointed concrete pavement system might

provide a more reasonable engineering approach. In this two stage

analysis, a two-dimensional analysis is first performed, followed by a

three-dimensional analysis of specific limited segments of the pavements.

Results from the two-dimensional analysis are used as boundary conditions

for the segments to be analyzed using the three-dimensional analysis.

Two-Dimensional Analysis

The two-dimensional analysis is based on the classical theory of

medium-thick plate on Winkler foundation, and is capable of evaluating

the structural response of the concrete pavement system with joints.

Figure 3-2 shows a typical finite-element mesh used for this two-dimensional

analysis. In this figure, six concrete slabs with a keyed longtudinal

joint and two doweled transverse joints are shown. The six slabs are used

because this is a general case with theloads applied on the middle slab,

which is connected at each end to a neighboring slab by dowel bars or

keyway. The use of more than six slabs can be included in the analysis

but is not necessary because the additional slabs are sufficiently far from

the applied loads as to have practically no effect on the stresses and deflec-

tions in the loaded slab. When the loads are applied near the joints,

analysis of a system with only one adjacent slab is generally sufficient,

and the slabs at the far end can be ignored.
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Figure 3-3. Finite-Element Model of Pavement System
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The rectangular plate elements with three degrees of freedom (one

vertical deflection and two rotations) per node are used to represent

the pavement slab, the stabilized base and overlay layer (Figure 3-3-a).

For the case where two layers (slab and stabilized base or slab and over-

lay) are bonded, an equivalent layer based on the transformed section

concept is used to determine the location of the neutral axis for the

element. And in the case of unbonded layers, stiffness of each layer is

used in formulation of the finite-element model. Dowels are represented

as beam elements (Figure 3-3-b) with both shear and flexural stiffness,

while spring elements which can transfer vertical forces only and as

shown in Figure 3-3-c are used to model aggregate interlock and keyways.

Assuming that the reactive pressure between subgrade and slab at any given

point is proportional to the deflection at that point (Winkler foundation),

the subgrade is represented byaset of spring elements supporting the slab

elements (Figure 3-3-a). This representation of subgrade under the slab

has been employed by several investigators (Refs. 2, 24, 30, 33) and has

resulted in excellent results. Furthermore, this assumption results in

a banded stiffness matrix for the pavement system and large computer

storage requirements to solve the set of simultaneous equations are not

required.

Three-Dimensional Analysis

This approach involves use of the solid SAP finite-element program

developed by Wilson (Ref. 45) at the Department of Civil Engineering,

University of California, for three-dimensional analysis. Figure 3-4

shows a typical finite-element mesh used for three-dimensional analysis

of a small section of the concrete slab near the joint and around a

dowel bar.
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Figure 3-.4. A Typical Finite-Element Mesh Used for Three-
Dimensional Analysis
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Three-dimensional, 8 node, isoparametric elements with three trans-

lational degrees of freedom per node, originally developed by Irons (Ref. 60),

are employed to represent the slab segment under study. Subgrade, similarJ

to that used with the two-dimensional model idealized as spring elements

is also used in the three-dimensional analysis. Dowel bars are modeled

by beam elements with both flexural and shear deformations, and spring

elements, used to represent the interaction between dowel bars and the

surrounding concrete. In the regions that dowel bar exerts pressure on

concrete, very stiff springs are used to simulate the contact condition

between dowel bar and concrete.

3.b.(2) Development of Stiffness Matrix for Rectangular Plate Element

for Concrete Slab, Stabilized Base, and Overlay

The rectangular plate element shown in Figure 3-3-a represents the

structural behavior of a pavement slab, a stabilized base, or an overlay.

Displacement of a plate, based on the classical theory of medium-thick

plates, is uniquely defined once the deflection W(x, y), is known at

all points. The complete formulation of this theory is presented in

many standard references including Reference 20, and therefore will not

be presented here. However, the basic assumptions used in the development

of the theory are outlined as follows:

(a) Lines normal to the middle surface in the undeformed plate

remain straight, unstretched, and normal to the middle

surface in the deformed plate.

(b) Each lamina parallel to middle surface is in a state of

plane stress.

(c) No axial or in-plane shear stress results due to the loading.
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The simplest rectangular element representation requires 12 degrees of

freedom. They are three-displacement components at each node: a verti-

cal deflection (W) in the Z-direction, a rotation (Ox) about the X-axis,

and a rotation (Oy) about the Y-axis. Corresponding to these displacement

components there exists three force components at each node: a vertical

force (Pw), a couple about the X-axis (Pox) and a couple about the

Y-axis (P y), respectively.

A 12 term polynomial is chosen for expansion of W(x, y) as follows:2I
W(x, y) = aI + a2 x+a 3y + a4x 2 + a5 xy

+ a6y
2 + a7x3 + a8x2y + a9xy

2

+ alOy3 + alx 3 y + a1 2xy 3  (3-3)

or

W = [Ne] {a} (3-4)

At any point within element,

W W

{ A = o , W ( 3 -5 )

By evaluating this expression at each of the four nodes,

A 
i

A.

{A} = [A] {a} (3-6)

* k
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Inverting this 12 x 12 matrix,

{a} = [A- ]{W} (3-7)

Then,

W = [Na] [A- ] {A) (3-8)

or

W = [N] {A} (3-9)

Using the first assumption from the medium-thick plate theory namely,

that the deformed state of the plate can be described in terms of its

middle surface displacement, these displacements can be expressed as:

U(x, y) = -Z 9W(x, y) (3-10)ax

V(x, y) = -Z aW(x, y) (3-11)

ay

where:

U = displacement of a point in X-direction

V = displacement of the point in Y-direction

Z = distance of the point from middle surface

Using the second assumption, the strains and stresses at a lamina located

at distance Z from the middle surface can be expressed as:

aU
EX ax

{} Ey (3-12)

au av
6xy) T
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or

a2w

axw

a2
Z - = z{K} (3-13)

2W

where {K} is the curvature vector, and

x

{} = Cy : [C] {} (3-14)

T

xy

where [C] is elasticity matrix. For an isotropic, linearly elastic

materials, the elasticity matric [C] can be written

1 IA 0

ICI E 1 0 (3-15)
*1 -v I-u

0 0 T

where:

E : modulus of elasticity

: Poisson's ratio

Thus, combining equations 3-13, 3-14 and 3-15, the stress vector can be

written as:

1 i 0

z E 1 0 {K} (3-16)
1 2 1-p

0 0 --

or, in shorthand notation:

(ol = Z [C] (K} (3-17)
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The bending moments in each layer can now be defined in terms of the

stresses, as

M

xy

where i is the number of layers =1 or 2.

Other assumptions with respect to the condition of bond between

concrete slab and overlay or concrete slab and stabilized base can be

summarized as:

(a) For the case of a bonded overlay or stabilized base, full

strain compatability is assumed at the interface.

(b) For the case of an unbonded overlay or stabilized base,

existence of shei~r stresses at the interface is neglected.

(c) Continuous contact is assumed between the concrete slab

and unbonded overlay or unbonded stabilized base.

In the case of unbonded layers, the total bending moments can be deter-

mined from the equation:

{M} {Mtop + {M}bottom (3-19)

or

h3ht h3

}= 4]2-[Ctop + Cbottom] {K}

where:

ht = thickness of the top layer

hb = thickness of the bottom layer
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Equation 3-20 may also be expressed in shorthand notation as:

{M = [D] {f< (3-21)

where

Eh3  1 3i
[D]= 0

12(0 - 11)
0 0 T

~op
Ehb3 1 Ii 0 I

f Eh b3
+ 12(1 -2 ' 1 0 (3-22)

0 0

*ottom

in the case where two layers are bonded together (slab and stabilized

base or slab and overlay), an equivalent layer is calculated, based on

the transformed section concept, to determine the location of the neutral

axis for the element. The following equations give the location of neutral

axis for bonded two-layer system using the first moment of the equivalent

area of the transformed cross section.

- (ht + hb)ht 
(3-23)

ht + r- hb
ttb

= 1(h t + hb) - a (3-24)

where:

= distance from the middle surface of the lower layer to the

neutral axis

= distance from the middle surface of the upper layer to

the neutral axis
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Bending moments in this case can be determined from the following equation:

h

{Mh :Z t [top] d t

- T

hb

- Z [Cbot ] dZb {K} (3-25)
hb

or

{M} = [D] {K} (3-26)

where
2 1 0

[]= E(12B 2 h b 2) ht1

0 0
top

2 3 0

2I 1 0 (3-27)

( E( 2( I h t 2 + h

bottom

Curvature vector {K} may be expressed in terms of deflection as:

K x2W

xa
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Internal virtual work of pavement layers are given by the relationship:

6 - - J { IM) dx dy (3-29)

Area

But since:

[6SK} =[B] [A-I1 160} (3-30)

or

{SK} T 16K) T [A-l1T []T

(3-31)

WM [0] {K} = ' ([D I~ + [Dbt] {K)

or

{M ([D I [B] CA-1]1 + EDbt I [B] [A-] {A) (3-32)L top bto

Thus:

6W int 1 6A} T [A-] ( I T [B]T [Dtop] [B] dx dy

Area

I Nl a+ f' f [B IT EDObottom] [B] dx dy~) [A-'] {A} (3-33)

Area

or

6W int =-{6A} ([K topI + [K bottom]I) {A} (3-34)

where

(K top]I = stiffness matrix of the top layer, (12 x 12)

[K bottom]I = stiffness matrix of the bottom layer, (12 x 12)

External virtual work consists of two parts, one part due to the loading

and another part due to the reaction of the subg -ade. Assuming that subgrade
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behaves as Winkler foundation, the following equation can be used to eva-

luate this reaction.

q(x, y) - k(x, y) W(x, y) (3-35)

where k is the modulus of subgrade support.

6Wext j j p(x, y) 6W dx dy

Area (3-36)

+ f f' q(x, y) 6W dx dy

Area

where p(x, y) is the externally applied load. From Equation 3-8 we have:

6W = [NQ] [A-I] {6A) {f6A}T [A-I]T [NX]T (3-37)

Thus,

6Wext = IM}T [A-I]T f J p(x, y) [NT dx dy

Area

- {6AT [A-I]T J f k[N ]T [N(] dx dy [A- ] {A} (3-38)

.Area

or

6Wext = {6AIT {IN - 16DIT [KSUB) (3-39)

where:

{P} = equivalent nodal loads (12 x 1)

[KsuB] stiffness matrix of the subgrade (12 x 12)

Since:

6Wint + 6 Wext = 0 (3-40)

for each element we have,

([Ktop] + [Kbottom] + [KSuB]) {A} {P} (3-41)
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The stiffness matrix of a rectangular plate element, stiffness matrix of

subgrade, and equivalent nodal load vector due to a uniform load over a

rectangular area in the element are given in Appendix A.

Monotonic Energy Convergence

The conditions that deflection function W(x, y), in Equation 3-3 must

satisfy to guarantee monotonic energy convergence are:

(a) Continuity of the displacement field within the elements.

(b) Completeness of the displacement function; rigid body

motions and constant curvature must be included in the

displacement function.

(c) Compatibility must exist between elements; elements must

not overlap, separate, and there must be no sudden changes

in slope across interelement boundaries.

(d) The element should have no preferred directions.

A 12 degree-of-freedom element does not provide continuous normal slopes

between elements (Refs. 46, 47). Thus, monotonic energy convergence is

not guaranteed. Despite this, the element used apparently converges although

not monotonically and in fact is superior to some conforming elements used

by others, since the non-conformity tends to soften the inherently too

stiff elements.

3.b.(3) Stiffness Matrix for Beam Element for Dowel Bar

The beam element employed to represent a dowel bar at a joint is shown

in Figure 3.3.b and has two degrees of freedom per node. Thus it has

displacement components, namely a vertical deflection (W) in the Z-direction,

and a rotation (Oy) about the Y-axis. Corredsponding to these two displace-

ment components are two force components, namely a vertical force (Pw) and

a couple about the Y-axis (Pey). The force-displacement relation for a

dowel bar can be written in matrix form as:
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Pwi Wi

POYi 0 Yk
: [Kdowel] (3-42)

PwkWk

PYk 0Yk

where [Kdowel] is the stiffness matrix of the dowel bar, and is given by:

D 6ZC -D 6WC

69.C (4 + l) 2C -69.C (2 -4) 2 C

(3-43)

-D -6ZC D -6zC

69C (2 - )X2C -6kC (4 + )z2C

where
EI D /D__

Z3 (1 + D

E = modulus of elasticity of the dowel bar

I = moment of inertia of the dowel bar

9, = width of the joint opening

12EI
SGA Z 2

G = shear modulus of the dowel bar

Az = beam cross-sectional area effective in shear, i.e.,

for a circular cross section Az is equal to 0.9 times the

actual cross section.

DCI - spring stiffness representing the dowel-concrete interaction,

use a large value if dowel-concrete interaction is neglected.
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3.b.(4) Stiffness Matrix for Spring Element for Aggregate Interlock

System and Keyway

Neglecting the moment transfer (if any) across a joint, where load

transfer from one slab to an adjacent slab is achieved by means of aggre-

gate interlock or keyway, the spring element shown in Figure 3-3-c with

one degree of freedom per node is used. The displacement component at

each node is a vertical deflection (W) in the Z-direction, and the

corresponding force component is a vertical force (Pw). The force-

displacement relation for a spring element can be written as:

{PI = [KAgg] {D} (3-44)

where [KAgg] is the stiffness matrix of the spring element, and is given

by

AG -AG

[KAgg] = (3-45)

-AG AG

where AG is the stiffness of the spring. For the case of the keyway, a

very stiff spring is assumed in the analysis.

3.b.(5) Overall Stiffness Matrix

The overall structural stiffness matrix [K] S is formulated by super-

imposing the effect of individual element stiffnesses using the topological

or the element connecting properties of the pavement system. The overall

stiffness matrix is used to solve the set of simultaneous equations having

the form:

{PIs = [KIs {A}S (3-46)
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whe re

= externally applied loads for the whole system

{A} = nodal displacements for the whole system

The generalized stresses and deflections are then calculated.

3.b.(6) Computer Program

A computer program was written in FORTRAN IV for structural analysis

of the jointed concrete pavements with load transfer system at the joints.

A complete program listing and a User's Manual are being submitted as a

separate report.

The input to the program is:

(a) Geometry of the slab, including the type base or overlay,

load transfer system, subgrade, and the slab dimensions.

(b) Elastic properties of the concrete, stabilized base or

overlay, load transfer system, and subgrade.

(c) Loading.

The output given by the program is:

(a) Stresses at any designated point in the slab, stabilized

base or overlay.

(b) Vertical stresses at any designated position on the

subgrade.

(c) Vertical deflection at any point in the pavement system.

(d) Reactions on the dowel bars.

(e) Shear stresses at the joint face for the aggregate inter-

lock and keyed joint systems.

3.c Verification of the Finite-Element Model

To verify the accuracy of the computer program, it is necessary to

compare the finite-element solutions with available theoretical solutions
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and the results of experimental studies. Westergaard's equations (Ref. 2),

Pickett and Ray's influence charts (Ref. 3), experimental studies at the

AASHO Road Test (Ref. 4), and tests conducted by Teller and Sutherland

(Ref. 5) are used for this purpose.

3.c.(l) Comparison with Westergaard's Solutions

Figure 3-5 shows the comparison between Westergaard's exact solutions

(Equations 2-2 through 2-5) for an infinite slab with a single load of

50 kips (222 KN) placed on one edge far from any corner and in the interior

of the slab far from any edges. The Westergaard solutions are indicated by

the solid curves, and the finite-element solutions, by the small circles.

Because the Westergaard solutions are based on a slab infinite in extent,

a large slab of 25 ft (7.6 m) square was used in the finite-element analysis.

The loaded area in Westergaard's solution was assumed to be a circle with

diameter of 15 in. (38 cm) while a 15 in. (38 cm) square was used in the

finite-element analysis. The modulus of elasticity and Poisson's ratio

of the concrete slab were assumed to be 5 x 106 psi (34.5 GPa) and 0.15,

respectively for both analyses.

The comparison of the results from the analyses were made for a com-

plete factorial of three slab thicknesses, 12, 14, and 16 in. (30.5, 40.6,

and 50.8 cm), and three modulus of subgrade reactions 50, 200, and 500 pci

(13.6, 54.2 and 135.5 N/cm 3). Since the Westergaard analysis cannot take

the subbase into account all slabs were assumed to be in direct and full

contact with the subgrade.

The modulus of relative stiffness of the slab with respect to subgrade

(M4, used in the Figure 3-5 is same as in the Equation 2-8.

3.c.(2) Comparison with Influence Charts

To check the accuracy of the model for multiple loading, influence
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charts developed by Pickett and Ray (Ref. 3) were used. Figures 3-6 and

3-7 present influence charts for moments in a concrete slab for interior

and edge loadings, respectively. Solution is accomplished by tracing the

tire contact imprints on the charts, counting the number of blocks within

the imprint areas and solving the equations given below:

M = p9N (3-47)
10,000

6M (3-48)

h

where:

M = moment

a = stress

p = tire pressure

= modulus of relative stiffnes

N = number of blocks

h = thickness of the concrete slab

Figure 3-8 shows the comparison of the results from the finite-element

solutions with those obtained from the influence charts for the main gear

of a DC-10-10 aircraft (Ref. 49) with a load of 220 kips (978 KN), placed

at the edge and in the interior of the slab. Because the influence chart

solutions are based on infinite slab, a large slab of 25 ft (7.6 m) was

used in the finite-element analysis.

3.c.(3) Comparison with AASHO Road Test Results

Further verification of the finite-element model can be made by

comparison with experimental results. The results of the strain measure-

ments from AASHO Road Tests (Ref. 4) provide excellent data for making

such comparisons. Tests were conducted on the main traffic loops where
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Figure 3-6. Influence Chart for the Moment in a Concrete Pavement
Due to Interior Loading (Ref. 3)
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I

the strain at the slab edge due to moving traffic 17 to 22 in. (43 to 56 cm)

from the edge, was measured. The length of slabs were 15 ft (4.6 m) non-

reinforced sections and 40 ft (12.2 rn) reinforced slabs and slab widths

were 12 ft (3.7 m). Each slab was of uniform thickness, but the thick-

ness of the slabs tested ranged from 5 to 12.5 in. (12.7 to 31.8 cm).

The measured dynamic modulus of elasticity and Poisson's ratio of concrete

were assumed to be 6.25 x 106 psi (43 GPa) and 0.28, respectively. The

Road Test reports the modulus of subgrade reactions (k-values) on the

subbase obtained by the plate bearing tests varied from approximately

85 to 200 pci (23 to 54 N/cm 3) over all of the loops throughout the two

3
year test period. An average of 150 pci (41 JI/cm ) was used for k-value

in the finite-element analysis.

Based on the statistical analysis study of the data from the tests,

the following equation was developed (Ref. 4) for determination of edge

stresses.

139.2 L
Ca 100.0031T H 1 .278 (3-49)

where:

a = edge stress, psi

L = single axle load, kips

H = slab thickness, in.

T = standard temperature differential, 'F

Figure 3-9 shows the comparison of the finite-element solutions with

experimental results.

3.c.(4) Comparison with Public Roads Test Results

To check the accuracy of the finite-element computer program for

prediction of stresses and deflections at concrete pavement joints with
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various load transfer system, the results of the strain and deflection

measurements from the Bureau of Public Roads Test conducted by Teller and

Sutherland (Ref. 5) can be used. Tests were conducted on 10 full-size

concrete slabs, where each slab was 40 ft (12.2 m) long and 20 ft (6.1 m)

wide. Four slabs had a uniform cross section, while the other six were

of thickened edge designs in which slab thicknesses ranged from 6 to 9 in.

(15.2 to 22.9 cm). Each slab was divided by a longitudinal and a trans-

verse joint of a particular design. Different joint designs included in

the investigation were butt joints with different dowel spacings, joints

with a plane of weakness with and without dowels, corrugated joints, and

keyed joints with triangular or trapezoidal tongues. The measured average

modulus of elasticity of concrete and modulus of subgrade reaction were

found to be 5.5 x 106 psi (37.9 GPa) and 200 pci (54 N/cm 3) respectively.

Figures 3-10 and 3-11 show a comparison of the results from the finite-

element solutions with experimental results. The loaded area used in all

analysis was 8 in. (20.3 cm) square.

These comparisons show that the finite-element solutions check very

closely with both theoretical (Figures 3-5, 3-8) and experimental

(Figures 3-9, 3-10, 3-11) results, thus verifying the accuracy of the

two-dimensional finite-element computer program.

3.d Summary

Due to the three-dimensional nature of the structural analysis of

jointed concrete pavement and pavement joint system, a two stage analysis

has been suggested. In first stage a two-dimensional analysis of the

jointed concrete pavement with various load transfer systems at the joints

is performed. And then in the second stage, a three-dimensional analysis

of a small section of the concrete pavement system near and at the joint is
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made. The input to the three-dimensional analysis is obtained from the

results of the two-dimensional analysis in terms of the proper boundary

conditions.

For the two-dimensional analysis stage, a finite-element model based

on the classical theory of medium-thick plate on Winkler foundation was

developed for analysis of jointed concrete pavement system. Various types

of load transfer systems such as dowel bars, aggregate interlock, keyways,

or a combination of them could be considered at the pavement joints. The

model is also capable of handling the effect of a stabilized base or an

overlay (either with perfect bond or no bond), on the structural response

of the pavement system. Further, the model was verified by comparison

with the available theoretical solutions and the results from experimental

studies.
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CHAPTER 4

APPLICATION OF THE METHOD TO ANALYSIS
OF JOINTED CONCRETE PAVEMENTS AND

PAVEMENT JOINTS

4.a General

The method of analysis for jointed concrete pavements and pavement

joints developed in Chapter 3 is a powerful method for predicting the

structural response of concrete pavement systems. To illustrate the

application of the methodology, the results of studies on several pavement

systems are presented in this chapter.

Current design procedures are based on assumptions of continuous

slabs, infinite in extent, calculating the stresses and deflections for

the continuous slab and then superimposing the selected joint system on

the designed slab. By use of the two-dimensional finite-element model

developed in Chapter 3, it is possible to analyze jointed concrete pave-

ments with a prescribed finite size and with various load transfer system

at the joints in a realistic manner. Since a primary purpose of the load

transfer system at the joints is to reduce the high stresses and deflec-

tions at the slab edges, the effectiveness of various load transfer

systems are to be evaluated by determining reduction of stress and deflec-

tions.

Slabs with stabilized bases or slabs with th-ickened edges are also

used in jointed concrete pavements to reduce the edge stresses and deflec-

tions. The effectiveness of these designs can also be evaluated using the

model as described later in this chapter.

4.b Doweled Joints

In the finite-element analysis of doweled joints, actual properties
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and dimensions for the concrete slabs and dowel bars were used. Load

transferred by each dowel as well as the stresses and deflections of the

concrete slabs were computed for a complete factorial of seven factors:

(1) Dowel diameter: 1, 1 1/4, and 2 in. (25.4, 31.8, and

50.8 mm).

(2) Dowel spacing: 10, 15, and 30 in. (25.4, 38.1, and

76.2 cm).

(3) Dowel length: 8, 14, and 24 in. (20.3, 35.6, and 6.01 cm).

(4) Slab thickness: 12, 16, and 20 in. (30.5, 40.7, and 50.9cq.

(5) Modulus of foundation support: 50, 200, and 500 pci

(13.6, 54.2, and 135.5 N/cm 3).

(6) Joint width opening: 0.01, 0.10, and 0.25 in. (0.025, 2.54,

and 6.35 mm).

(7) Load position: edge, protected corner, and unprotected

corner.

This factorial represents the analysis of 2187 separate pavement systems.

All dowels were assumed to be round steel bars having modulus of elasticity

and Poisson's ratio of 29 x 106 psi (199.81 GPa) and 0.29, respectively.

The modulus of elasticity and Poisson's ratio of concrete slab were

5 x 106 psi (34.45 GPa) and 0.15, respectively.

Figure 4-1 shows various loading cases, and Table 4-1 summarizes a

typical result of the effect of load positions on the critical slab stresses

and deflections, and on the maximum dowel shear forces. It can be seen that

dowel bars have very important effects on reducing maximum slab stresses and

deflections. Furthermore, in the case of a doweled joint, maximum slab

stress occurs under edge loading; while the maximum slab deflection and

maximum dowel shear force occur when loaded at an unprotected corner load.
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a) Free Edge Load b) Doweled Edge Load

c) Doweled Unprotected d) Doweled Protected
Corner Load Corner Load

1 j44+ Doweled Joint

Free Joint

I Load

Figure 4-1. Various Loading Cases
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Table 4-. A Typical Result of Maximum Slab Stress
and Deflection and Maximum Dowel Shear
Force Due to Various Load Position

Load Slab Stress Slab Deflection Dowel Shear

Position Psi (MPa) in (mm) Kips (KN)

Free Edge 485 (3.34) 0.034 (0.86)

Doweled Edge 257 (1.77) 0.017 (0.43) 6.86 (30.5)

Unprotected Corner -157 (1.08) 0.043 (1.09) 12.26 (54.5)

Protected Corner - 72 (0.50) 0.021 (0.53) 8.75 (38.9)

* Results obtained in a 16 in. (40.7 cm) concrete slab on a subgrade

with a k-value of 200 Pci (54.2 N/cm3 ) under a 50 Kips (222 KN)
load. Dowels were 1-1/4 in. (31.8 mm) in diameter and spaced 15 in.
(38.1 cm) center to center.
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Figure 4-2 shows a typical comparison between the finite-element

solutions and those by conventional analysis of dowel reactions under edge

cnd unprotected corner loadings. The conventional analysis of dowel shear

force distribution along the joint is based on Friberg's (Ref. 42) analysis.

In his study, Friberg observed that, according to the theoretical analysis

presented by Westergaard (Ref. 2), maximum negative moment at a free slab

edge under an edge loading occurs at a distance 1.8k from the point of

applied load, where 2 is the radius of relative stiffness as defined in

Equation 2-8. Thus, it was assumed that the dowel bar immediately under

the applied load carried full capacity and those on either side carried

a load decreasing to zero at a distance of 1.8Y. from the central dowel.

Because of a lack of data from viable analytical tools, it was assumed that

the distribution of transferred load was linear. Figure 4-2 illustrates,

however, that the distribution of dowel shear forces among dowel bars is

not linear. Only the dowels within a distance Z from the central load

are effective in transferring the major part of the load from the loaded

slab to the adjacent slab, and dowels farther away from the load are not

effective. This agrees with the experimental studies conducted by Suther-

land (Ref. 41) and Tell'er and Cashell (Ref. 35). It also shows that the

shear force on the dowel immediately beneath the load is greater than

indicated by the conventional analysis.

An approximation of the non-linear distribution of dowel shear force

for design purposes may be made by assuming that the dowel bar immediately

under the applied load carries full capacity and the dowels on either side

carry a load decreasing to zero at a distance of Z from this dowel. Figure 4-3

shows the effect of dowel spacing and load position on the maximum dowel

shear force. Based on a complete factorial of slab thickness, subgrade
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k-value, dowel diameter, dowel spacing, joint width opening, and load

position, the following relationship was developed for estimating the

maximum dowel shear force (load transferred by dowel).

F =caSP (4-1)

where:

Fma x = maximum dowel shear force, kips

S = dowel spacing, in.

P = applied wheel load, kips

= 0.0091, for edge load

= 0.0116, for protected corner load

= 0.0163, for unprotected corner load

These results will be used as part of the input to three-dimensional analysis

of doweled joints.

Figures 4-4 and 4-5 show the effect of doweled joints on maximum tensile

edge stresses and deflections in concrete slab, for a load of 50 kips (222 KN)

applied at the edge directly over a dowel. It can be seen from these figures

that dowel bars are capable of reducing the maximum tensile edge stresses

in a concrete slab to stresses near or below those stresses obtained from

interior loadings (assuming that there is no dowel looseness). This may

seem somewhat surprising at first but upon reflection will be seen as logical.

The ratio stresses under a given load at an interior point and near a free

edge is approximately 0.55. If a very efficient load transfer system is

used, say one approaching 100 percent efficiency, then the ratio of stresses

between the stress at the edge with load transfer to a free edge is .50.

This is less than the .55 ratio between the stress due to the interior load

and that near a free edge. However, corresponding maximum edge deflections
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can be reduced only by an average of about 50 percent. Based on the

complete factorial analysis, following relationships were developed for

estimating the maximum tensile edge stress and maximum edge deflection

in concrete slab due to an edge load.

POD  (1.595 log k - 1.451) (4-2)
h

AD  P (4-3)

where:

P = applied wheel load, kips

yD = maximum tensile edge stress, psi

AD = maximum edge deflection, in.

K = modulus of subgrade reaction, pci

h = slab thickness, in.

= modulus of relative stiffness, in. 1

(0.04 - + 0.02) D1/4
k2

(0.97 + 2A8W - 6.33W2 )S1 / 8 h112

W = width of joint opening, in.

D = dowel diameter, in.

S = dowel spacing, in.

The effect of multiple loads on maximum tensile edge stress and deflec-

tion in the concrete slab and on the maximum dowel shear force are shown in

Figures 4-6 through 4-8. These figures can be used for determining the

effect of multiple loadings on the critical slab stresses and deflections.

Stresses in dowel bars are in the form of shear, bending, and bearing

stresses. These stresses can be determined analytically to determine fac-

tors which affect load-transfer charcteristics of dowel bars and concomitant
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performance of the joints. As wac discussed in Section 2.a.(4), current

analyses of dowel bars are based upon the principles first presented by

Timoshenko (Ref. 37), where a dowel bar encased in concrete was modeled as

a semi-infinite beam on a Winkler foundation. In reality, however, the

interaction between a loaded dowel and surrounding concrete is in a three-

dimensional state of stress, and three-dimensional analysis should be used

to evaluate the system.

The three-dimensional analysis of the concrete surrounding a dowel bar

was made using a finite-element program developed by Wilson (Ref. 45). Results

of the two-dimensional finite-element study were incorporated in this model

in terms of proper boundary conditions for three-dimensional analysis of

bearing stress on concrete as well as stresses and deflections of dowel bars.

A typical comparison of three-dimensional finite-element solutions with con-

ventional dowel analysis based on beam on Winkler foundation is shown in

Figures 4-9 and 4-10. As can be seen from the results presented in these

figures, the finite-element solutions resulted in similar values for

dowel deflections and concrete bearing stresses when similar assumptions

were used for representing the dowel bar-concrete interaction. However,

the finite-element solutions, using the actual elastic properties of the

dowel bars and the concrete, resulted in values for dowel deflections

and concrete bearing stresses different from those obtained using conven-

tional analysis using a K value of 1,500,000 pci (406,500 N/cm 3) for

modulus of dowel reaction which is the normally accepted value for this

property.

The effect of some of the factors affecting dowel deflections and

concrete bearing stress are illustrated in Figures 4-11 and 4-12. It

was found that the dowel diameter and concrete modulus of elasticity have
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a very significant effect on the maximum dowel deflection and concrete

bearing stresses. Similar conclusions were also reached: by Friberg (Ref. 38),

Marcus (Ref. 44), and Teller and Cashell (Ref. 35), based on various labo-

ratory studies of dowel bars. The following relationships, based on the

results of two-and three-dimensional analysis, were developed for estimating

the maximum dowel shear and bending stresses, and bearing stress on concrete.

SP
'max U _2 (4-4)

SR Ll890_- 0.087E)(1.425 - 0.296) (4-)
max -

(800 + 0.068E) (1 + O.355W)SP (4-6)
max D4/3

where:
SP = maximum transferred load by dowel

Tmax = maximum dowel shear stress, psi

SRmax = maximum dowel bending stress, psi

0max = maximum bearing stress on concrete, psi

D = dowel diameter, in.

S = dowel spacing, in.

E : concrete modulus of elasticity, ksi

W = width of joint opening, in.

ci = 0.0091, for edge load

ci = 0.0116, for protected corner load

:i. 0.0163, for unprotected corner load

The concrete bearing stress given in Equation 4-6 is usually the con-

trolling factor for dowel design. This equation is represented graphically

in Figures 4-13 and 4-14 which can be used directly for the design of

doweled joints.
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Dowel bars are designed by limiting the bearing stress on concrete

to values recommended by the American Concrete Institute (Ref. 43) as given

in Equation 2-24. This equation was developed based from laboratory test

results conducted by Marcus (Ref. 44) and others, where dowels were sub-

jected to static loads, and may not be applicable to doweled joints

subjected to many repeated load applications. Figures 2-15 through 2-17

illustrate the effect of load magnitude, number of load applications,

diameter and length of dowel bars, and width of joint opening on the dowel

looseness caused by repetitive loadings. Since load transfer effective-

ness by doweled joints progressively reduces as the dowel looseness in-

creases (Figure 2-14), it is essential that dowel looseness be kept at

an absolute minimum. To do this concrete bearing stress should be kept

low by using dowels of adequate diameter, length, and spacings.

Table 4-2 summarizes values for dowel looseness as found by Teller and

Cashell (Ref. 35) for various dowel bars, after 600,000 cycles of a 10 kip

(44.45 KN) load. Figure 4-15 shows a high correlation between bearing

stress on concrete as determined by Equation 4-6 and dowel looseness as

reported in Reference 35. It can be seen from Figure 4-15 that by limiting

maximum bearing stress on concrete, dowel looseness can be minimized.

Although more data from experimental studies is needed to establish a

limiting criteria for maximum bearing stress on concrete, Figure 4-15 might

suggest a value of 0.3 times concrete strength for this purpose. This

value corresponds to 0.001 in. (.03 mm) for dowel looseness after 600,000

load applications which is probably a tolerable value.

Control of doweled joint faulting from repeated load may be another

benefit gained by limiting concrete bearing stress. Although it has been

found that doweled joints exhibit much less faulting than undoweled joints

(Refs. 9, 10, 50), there are reported cases where doweled pavement joints
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Table 4-2. Dowel Looseness* Resulting from
600,000 Cycles of a 10 Kips
(44 KN) load (Ref. 35)

Dowel Diameter Dowel Looseness
in (mm~) in (mmi)

5/8 (16) 0.0046 (0.117)

3/4 (19) 0.0026 (0.066)

7/8 (22) 0.0024 (0.061)

1 (25) 0.0020 (0.051)

1-1/8 (29) 0.0019 (0.048)
1-1/4 (32) 0.0021 (0.053)

*Compressive strength of concrete was measured to
be 5,610 Psi (38.65 MPa).
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Figure 4-16. Joint Faulting on Plain Jointed Concrete Pavements at
the AASHO Road Test site (Ref. 58)
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that have developed serious faulting. The AASHO Road Test sections (Ref. 4)

of plain jointed concrete pavement left in service for more than 14 years

are good examples. The mean joint faulting for various sections summarized

by Darter and Barenberg (Ref. 59) are shown in Figure 4-16. These sections

have been subjected to 13-19 million equivalent 18 kip (80 KN) single axle

loads, and there has been some pumping of the subbase. The sections with

8 in. (20.3 cm) thick slabs with a dowel diameter of 1 in. (25.4 m) spaced

12 in. (30.5 cm) center to center showed very serious faulting, but faulting

decreased with increased slab thickness and dowel diameter. Figure 4-17

shows a high correlation between the calculated bearing stress on concrete,

as determined by Equation 4-6 and slab faulting. Data in this figure also

suggest a value of 0.3 times concrete strength as a realistic maximum

bearing stress on concrete when doweled joints are subjected to a high

number of load repetitions, such as in highway pavements. For airfield

pavements, where the number of load repetition is usually lower, the use

of other criteria may be justified.

4.c Joints with Aggregate Interlock

In the finite-element model, the aggregate interlock was modeled as

a series of vertical springs adjoining two adjacent slabs at the joint.

The stiffness of these springs (Agg) can be related to the joint efficiency

(Eff), which is a physical property of the joint system and can be measured

in the field.

The joint efficiency in this study is defined as the ability of the

load transfer system to transfer part of the load from loaded slab to the

adjacent slab, and is determined as:

AU

EFF - x 100 (4-7)
AL
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where:

AU = deflection of the unloaded slab

AL = deflection of the loaded slab

Note that if there is no load transfer system at the joint, then EFF 0 ,

and if two slabs deflect same amount (a perfect load transfer system),

the Eff = 100;.

The relation between spring stiffness (Agg) and joint efficiency

(Eff) as a function of slab and subgrade properties is shown in Figure 4-18.

Figures 4-19 and 4-20 show the effect of different degrees of aggregate

interlock in reducing the maximum tensile edge stress and edge deflection

in a 12 in. (30.5 cm) thick concrete slab. Figure 4-19 illustrates that a

good degree of aggregate interlock (Agg > 106) is necessary to reduce the

maximum tensile edge stresses to levels of interior stresses. Since effi-

ciency of joints with aggregate interlock is reduced as width of joint

opening is increased, the joints must be very tightly closed, to achieve

a high degree of joint efficiency with aggregate interlock.

The advantage of using a stabilized base under concrete slabs, where

load is transferred by aggregate interlock, has been emphasized by different

investigators (Refs. 16, 52). Figure 4-21 shows the combined effect of a

stabilized base and aggregate interlock in reducing the maximum tensile

edge stresses in the concrete slab. As the results in Figure 4-21 illustrate,

a combination of a 4 in. (10.2 cm) cement stabilized base with some degree

of aggregate interlock (Agg = 5 x 103) is comparable to a high degree of

aggregate interlock alone (Agg > 106), in reducing the maximum tensile

edge stresses in a 12 in. (30.5 cm) slab.

Slab thickness has a great effect on the long-term load transfer

ability of joints with aggregate interlock systems. In a study conducted

107

,



Cr

If) 4-j

04)

C\j

U)
(v 4--

0

C 
C

V'))

too C)-

(31

C5C
'p2

01 0 4-cc

1080



144(4

120- 120-

96- AC

-72 -7?

48 '

24 Ag>10 6 24 10

- 30 60 100 30 60 100

S144(4

S120- 120--

96 - - 96-
Uoo

~,72- - 72 -

048- 48--

24 - A99 10 4  24 - gg: 10 2

01
30 60 to 0 60 10

Modulus of Relative Stiffness , in.60 0

Figure 4-19. Effect of Aggregate Interlock in Reducing
Maximum Tensile Edge Stresses

109



012 0.12
Agg J 0O6 AgQ 105

0.10 - 0.10-

0.08/ 0.08

0.06 -- o.06 -/o o/
0.0- 9V 0.04 /. ' /

c" 0.02 0.02

0 0.08 0.16 0.24 0.32 0 008 0.16 0.24 0.32

w 0.12 0.12-

Agg 104 Agg < 102
OO--0.10- A -

0.08- / 0.08.-
/-

0.0/ 0.06

0.04- /Q

0.02 / 0.02/A

O 0.08 0.16 0.24 0.32 0 008 0.16 0.24 0.32
Load

Subgrade Mod. x (Mod. of Relative Stiff.) '

Figure 4-20. Effect of Aggregate Interlock in Reducing
Maximum Edge Deflections

110



168 ....... T --------

.144

th 120-
CA

I-,

S72-

CJI 4

Edge Looduing of 12" lbWt
* Agg~5 ~ So t

24- 0 4" Stab. Base and Agg 5x 0

30 40 50 60 70 60 90 100

Modulus of HRelive St ifminess , in.

Figure 4-21. Combined Effect of Bonded Stabilized Pase and
Aggregate Interlock in Reducing M1aximum Tensile
Edge Stresses



by Colley and Humphrey (Ref. 53), it was found that under repetitive load

and at a specified joint opening, the loss of the joint effectiveness was

higher in the 7 in. (17.8 cm) slab than in the 1) in. (22.9 cm) slab. This

is believed to be due to the level oif shear stresses at the joint interface,

since a slab with the greater thickness offers a larger interlockinq area

and a loweroverall deflection under a given load than a slab with lesser

thickness. The results of the finite-element study for the effect of the

slab thickness on the maximum shear stresses at the joint interface is

shown in Figure 4-22. Results in Figure 4-22 show that fer a given degree

of aggregate interlock, thicker slabs result in lower maximum shear stresses

at the joint interface, so with many repeated loads the thicker slabs will

retain their aggregate interlock for more load applications than will the

thinner slabs. While the factors and trends affecting the long-term joint

performance of slabs with aggregate interlock are clear, the specific criteria

for design must still be developed.

4.d Keyed Joints

In the finite-element method, keyways were modeled as very stiff

vertical springs adjoining two adjacent slab edges at the joint. Figures

4-23 and 4-24 show the effect of a keyway system in reducing maximum

tensile edge stresses and deflections in concrete slabs. Although keyed

joints might seem to be effective in reducing the stresses at the slab

edges, localized failures due to stress concentration at the sharp fillets

of the keys and keyways are likely to occur. The most serious type of

keyway failure occurs when the upper keyway portion shears through to the

pavement surface.

The problem of stress concentration at the pavement joints can be

analyzed using a finite-element model developed by Nasseir, Takahashi,
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and Crawford (Ref. 54). The model is a modified version of the axisymmetric/

plane stress finite-element computer program, developed by Wilson (Ref. 55),

and is capable of simulating the response of multicomponent structures

exhibiting slippage and/or separation at boundaries of contact between

components. The model has been verified in Reference 54, by comparing the

finite-element solutions with the results of photoelastic experiments on

small models of a hatch cover and a keyed joint.

To study the effect of several parameters such as key design, slab

thickness, subgrade support, stabilized base , tie bars, and load position

on the problem of stress concentration at keyed joints, several concrete

beams containing keyed joints were analyzed. Figure 4-25 shows a typical

finite-element configuration used in these analyses. Different key designs

such as a standard trapezoidal key recommended by the U. S. Army, Corps of

Engineers (Ref. 15), a key with double height (large key), a key with double

depth (deep key), a round key, a round smoothkey without sharp fillets, and

a Z-key were considered in the study. Figures 4-26 through 4-32 show the

effect of design parameters such as key shape, slab thickness, and base

type on the tensile stress contours in the key and keyway systems. These

figures and Tables 4-3 through 4-5 show that key shape has very significant

effects on the stress concentration at the keyway, and that stabilized

bases and thicker slabs are beneficial and result in lower tensile stresses

in the keyway system. Similar conclusions were reached by various investi-

gators (Refs. 15, 16, 17, 18), based on both laboratory studies and field

investigations.

The results from this analytical study and performance of keyed joints

in service indicate that keyed joints are a serious structural weakness in

the concrete pavements, and serious keyway failures such as shearing of the

upper portion of the keyway, or the key itself may occur. This is due to
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Table 4-3. Effect of Key Design on Maximum
Tensile Stress in the Slab*

Key Design Keyway Key

Psi (MPa) Psi (MPa)

Standard Key 312 (2.15) 586 (4.04)

Large Key 1023 (7.05) 1229 (8.47)

Deep Key 259 (1.78) 589 (4.06)

Round Key 451 (3.11) 501 (3.45)

Round Smooth 201 (1.38) 344 (2.37)
Key

Z-Key 721 (4.97) 274 (1.89)

Slab thickness was 16 in. (4..6 cm).
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Table 4-4. Effect of Slab Thickness on
Maximum Tensile Stress in the
Slab*

Slab Thickness Keyway Key

in (cm) Psi (MPa) Psi (MPa)

12 (30.5) 524 (3.61) 546 (3.76)

16 (40.6) 501 (3.45) 518 (3.57)

20 (50.8) 439 (3.02) 480 (3.31)

*Standard key joint, and load was applied 12 in. (30.5 cm)

from the joint.
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Table 4-5. Effect of Cement Stabilized Base o
Maximum Tensile Stress in the Slab

Stabilized Base Keyway Key
Thickness
in (cm) Psi (MPa) Psi (MPa)

0 ( 0 ) 524 (3.61) 546 (3.76)

5 (12.7) 467 (3.22) 456 (3.14)

10 25.4) 412 (2.84) 372 (2.56)

*Slab thickness was 12 in. (30.5 cm), and load was

applied 12 in. (30.5 cm) from the joint.
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the effect of localized stresses which may be more than twice the intensity

of conventional edge stresses. For example, the maximum edge stress in a

316 in. (40.6 cm) slab on a subgrade with modulus of 200 pci (54.2 N/cm 3 )

under a 50 kips (222 KN) load is about 250 psi (1.7 MPa), while tensile

:>Lress at the keyway root is about 500 psi (3.8 MPa). Therefore, keyed

joints are not recommended for concrete pavements with heavy load or for

relatively thin slabs, especially over weak foundations.

4.e Butt Joints on Stabilized Bases

Base courses are used under concrete slabs for various reasons

including:

(1) To control pumping,

(2) For a construction platform,

(3) To control frost action,

(4) To control subgrade shrinkage and swelling,

(5) To assist drainage.

Stabilization of the base or subgrade also results in additional benefits

such as increased slab support, prevention of consolidation of the subgrade

and base, minimizing intrusion of hard granular particles into pavement

joints through minimizing pumping, and finally, providing improved load

transfer at pavement joints by minimizing edge deflections and stresses

in the concrete slabs.

The effect of a cement stabilized base on joint effectiveness and

performance has been studied by Colley and Humphrey (Ref. 53), Childs (Ref. 52),

and Ball and Childs (Ref. 16). Types of stabilized based other than cement

treated, such as lean concrete and bituminous, have been used in Europe.

Lokken (Ref. 56) summarizes the performance of these bases under concrete

slabs. These studies provide evidence of improved joint effectiveness and

joint performance when treated bases were used.
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In concrete pavement design procedures, the effect of stabilized bases

is usually taken into (:onsi(eration by iv ,inq(l an equivaloe rt k-va lIi' which is

a function of subgrade k-value and thickness of the hbase (Ret. !, b-).

However, in the finite-element method developed in this study, a stabilized

base was treated as a second pavement layer acting in conjunction with the

concrete slab. Elastic properties of the stabilized base as well as the

condition of bond between concrete slab and stabilized base (perfect bond

or no bond), are significant parameters and are input to the finite-element

program. This makes it possible to determine the stresses and deflections

in the concrete slab as well as the stresses in the stabilized base directly

from the program.

Figures 4-33 and 4-34 show the effect of 4, 6, and 10 in. (10.2, 15.2,

and 25.4 cm) bonded cement stabilized bases with a modulus of elasticity

of I x 106 psi (6.89 GPa) and a Poisson's ratio of 0.25 in reducing the

maximum edge tensile stresses and deflections in the concrete slabs with

thicknesses of 12, 16, and 20 in. (30.5, 40.6, and 50.8 cm). Figure 4-33

illustrates that to reduce the edge stresses in a pavement with a stabilized

based to values comparable to interior stresses in a pavement with no

stabilized base, the thickness of cement stabilized base should be at least

equal to one-half the concrete slab thickness. These results will change

with different subbase properties and with interface condition between the

slab and subbase. Specific criteria for design and procedures for deter-

mining the optimum design conditions are not available at this time.

4.f Thickened Edge Slab with Butt Joints

The effects of increasing the thickness of slab edges on maximum

tensile edge stresses and deflections of the concrete slabs are shown

in Figure 4-35 and 4-36. Three slab thicknesses included in the study
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were 12, 16, and 20 in. (30.5, 49.6, and 50.9 cm) on subqrades with k-value

of 50, 200, and 500 pci (13.6, 54.2, and 135.5 N/cm 3). The slab thickness

at the edges were increased by increments of l/, 1/4, and 1/2 based oil the

thickness at the interior of the slabs. Figure 4-35 illustrates that il-

creasing slab thickness at the edge by about 50% of the interior thickness

of the slab results in a design which reduces maximum tensile edge stress

to the levels of interior stress.

Results from a series of tests by Teller and Sutherland (Ref. 5), on

ten full size slabs tested under static loads suggest that for a balanced

section ka section in which maximum stress under free edge load to be equal

to stress under interior load), the thickness of the edge should be about

1.6 times the interior slab thickness. This agrees in general, with con-

clusions reached from the finite element analyses of the thickened edge

pavements.

4.g Example Problem

The results of the two-dimensional finite-element study may be used

for evaluating the capabilities of different pavement joint designs. For

example, first those joint designs with the same effect on the stresses or

deflections in the concrete slab can be considered. Then a relative cost

and performance analysis of the different designs can be made to select

the final joint design.

Consider the desirabilityof limiting maximum tensile stress in a

12 in. (30.5 cm) thick airfield slab under a single load of 30 kips (133 KN)

resting on a subgrade with k-value of 200 pci (54 N/cm 3 ) to a level equal to

the interior stress in the slab under interior load (290 psi, or 2.0 MPa).

Figure 4-37 shows six possible equivalent pavement joint systems for this

purpose. They are:
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(I) A 12 in. (30.5 cm) slab with dow(l bars of 1 1/2 in.

(38 nmm) in diameter, 24 in. (61 cm) lonl, and spaced

at intervals of 12 in. (30.5 cm) center to center.

(2) A 12 in. (30.5 cm) slab with tied aggregate interlock

joint, where no separation is allowed at the joint (Agg 106).

(3) A 12 in. (30.5 cm) slab on a 4 in. (10.2 cm) cement stabilized

base with some aggregate interlock (Agg - 5 x 103).

(4) A 12 in. (30.5 cm) slab with butt joints on a 6 in. (15.2 cm)

cement stabilized base.

(5) A 12 in. (30.5 cm) slab with thickened edge joints, where edge

thickness is equal to 18 in. (45.7 cm).

(6) A 16 in. (40.6 cm) slab with butt joint and no load transfer

system at the joint.

All of these designs are capable of limiting maximum tensile slab stress at

the joint to about 290 psi (2.0 MPa). Selection of the final design should

be based on other factors such as total cost of the systems and performance

considerations. Performance evaluation of alternate systems are in need of

further evaluation before specific recommendations can be made.

Tied keyed joints were not recommended since failures associated with

stress concentration at the key and keyway may result in localized failures

which are difficult to repair.

In addition to the joint and slab systems described above, a joint

system developed at the Laboratoire Central Des Ponts et Chaussees in

France was also analyzed. This system as shown in Figure 4-38 is patented

in France and was developed primarily as a means of upgrading the load

transfer efficiency of existing pavement joints.

A recent report by Mr. Ray (Ref. 62) in the form of private communication

makes the following points with respect to this jointing system.
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The proposed system consists in reestablishinq the load transfer by

preventing the relative vertical movements of the crack lips by straddlinq

over the crack one or several metallic elements of suitable form (see

diagram, Figure 4-38). These elements are introduced into a drilled hole

centered in the plane of the crack. They are secured to the two adjacent

slabs by gluing or by friction.

1. Glued Metal Key

The2 key which we showed in Purdue had the following characteristics:

outer diameter: 70 mm

thickness: 4 min

length: 240 mm

It was made of cold-drawn ordinary mild steel (elastic limit of about

25 h bars). It was noted that this key has excessive stiffness in spite

of the folds enabling its deformation with the expansion and constraction

of the slabs. The elastic limit of the system was reached for a force

of 15 Lo 20 t and a deformation of 0.5 to 0.8 mm.

About 100 keys of this type were installed in December 1976 on a

travelled pavement. The result of this first experiment is the following:

(a) The ivmnediate effectiveness of the device is good (see

accompanying figure, Figure 4-39) and is dependent on how

well the gluing is performed. Cold weather, premature

opening to traffic or the presence of water in the pavement

will lead to failure.

(b) As the thickness of the keys is too large, the elastic

deformation is smaller than the average movement of the

joints. They were thus compressed beyond the elastic limit

during the summer of 1977. At the end of that year, with
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ruined. This drawback can ho ovor(.ome by rYeduCinq the thick-

ness of the tube. It appear,, that depending on the dimensions

chosen and the axle loads used in France, it is possible to

reduce thicknesses to about 1 or 1.2 rm. However, below 2.5

or 3 mm it is necessary to provide protection against corro-

sion by de-icing salt in particular. Solutions do exist but

they are generally less reliable and more costly than an

extra thickness of metal.

(c) After 10 months of traffic (1500 commercial vehicles per day)

and before failure of the gluing a joint was fatigue tested

by means of the LPCP heavy vibrator. Fatigue failure occurred

after 0.8 x 106 cycles (sinusoidal loading of one slab end

with a force of 0 to 6 t at a frequency of about 10 Hz).

2. Unglued Stressed Key

From the viewpoint of the operation of superhighways, the favorable period

for maintenance work in France is in winter. The temperature is often low

and water is practically always present in the pavement. Gluing is thus

not an operation whose success is sufficiently certain in this period. We

have been looking for a system which would make it possible to obviate

gluing.

The new goal of research is to provide a link between the concrete and

key by friction, without gluing. The potential advantages of this new

process are the following:

it is independent of weather conditions at time of installation

- allows immediate re-opening to traffic

it appears mechanizable and should thus allow installation rates

compatible with work on the superhighways.
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The following conditions should be fulfilled by the new keys in order

to achieve this new goal:

(1) They should always prevent the relative displacement of

the two ends of the slabs.

(2) They must always allow slab expansion and contraction with-

out inducing significant longitudinal forces, in order to

avoid any risk of structural blow-up.

(3) To take up shearing by friction, they must develop a force

perpendicular i:o the plane of the folds of av least 6 t

(joint very open in winter for example) in order to support

a vertical force of about 3 t (for 4 keys per joint on

heavy traffic lane).

(4) They must not develop forces greater than 15 or 20 t when

the slabs expand, so as to avoid:

- breakage of slab corners

- slab displacement

- blow-up of structure

- longitudinal cracking by fatigue under traffic

Studies show that it is probably not possible to fulfill all these

conditions with a metal key of the initial type. When the thickness is

large, there is a sufficient spring force which is however extremely stiff.

When the thickness is small the stiffness is suitable but the force is

much smaller.

Several suggestions for resolving the problems listed above are suggested

by Mr. Ray and co-workers. These will be considered dt a later time.

Analysis of the French keying system with the finite element model also

suggests the system to be a highly efficient load transfer system, but with
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the only signi ficant problems being the attachment of the system to the

concrete, and that of selecting the appripriate tifffnesS for the key.

Procedures for installation as a part of the lonqitudinal joint system in

fresh concrete placed with a slip form paver must also be resolved. Cost

of installation and long-term performance of the system have also not been

resolved. Thus, while this jointing or keying system seems to have consi-

derable potential, many factors affecting design of the system must still

be resolved before it can be recommended for general use.

142



CIIAPTLR 5

SUMMARY, COSTS AND RECOMMENCATIONS

5.a Genera-l_ Summary

Distress in rigid pavemencs caused by the longitudinal construction

joints can be due to three major causes. lhese are: 1) deterioration of

the concrete along the joints; 2) breakup of the slab due to cracking

caused by stress concentrations due to loads applied near the slab edge;

and 3) relative, vertical, permanent displacement of adjacent slab edges.

Control of di strest oI he tyr; 1 i s Led ii I :i' id ' ,, n i bove is normally

accomplished by the use of sonx type of load transFer across the joint,

whereas the type of distress listed in Item 1 may :Ie caused by the load

transfer system used, i.e., shearing of the keyway systems in many airport

pavements.

The problem is to design pavement systems in -jeneral and the longitudi-

nal joints in particular in a manner so that stresses near the edge are at

an acceptable level, so the pavement will not develop any relative, per-

manent, vertical deformation across the joint, and so there will be no

accelerated deterioration of the concrete around the joint. All such

systems must be eu, ,:,ical to construct, be easily maintained, and compati-

ble with the use of slip form paving techniques.

There are a number of load transfer techniques which will provide

adequate load transfer to reduce the edge load stress to a level below

the maximum stress under the same load at an interior point in the slab.

Reduction of edge stresses to a level significantly lower than those due

to a load at an interior point would appear to be impractical. Conversely,

if the stress under an edge load is significantly higher than that under an

interior load, there is an imbalance in the pavement design regardless of
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the level of edge stress developed. Since pavement edge deflection is always

greater than interior load deflection, it follows that the edge load condi-

tion may always be critical to pavement performance even if the stresses in

the slab under edge load are less than the maximum stress under an interior

load. Thus, an optimum balanced design of a pavement slab is assumed to

occur whenever the stress due to a load at an edge is equal to or slightly

less than the stress under the same load at an interior point. This would

normally occur with a load transfer efficiency of 75 percent or more.

While balanced design would normally occur when the edge and interior

load stresses are approximately equal, it may be more economical to achieve

a reduced level of stress under edge loading through increased pavement

sections rather than through improved load transfer efficiency across the

joint. Increasing the total pavement cross section, either by increasing

the slab thickness or by using a heavier subbase, may result in a less

expensive pavement section than would a thinner pavement with expensive

load transfer systems. Use of thicker pavement section to reduce edge

stresses would also have the advantage of providing a greater factor of

safety against failure at all points in the slab. Also, there is a great

tendency for joints with efficient load transfer to lose efficiency with

time. This reasoning would seem to suggest the use of sleeper slabs or

thickened edge pavements as the obvious solution to this problem. These

solutions were, in fact, critically analyzed and found to be impractical

due to the extent of thickening or thickness of sleeper slab needed to

produce the desired reduction in the edge stresses and deflections.

Also use of an increased pavement cross section either uniform or

thickened edge, to reduce edge load stresses and deflections to an accepta-

ble level may not completely eliminate the need for ties or load transfer
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across the joint. Faulting is recognized as one of the most common types

of joint distress in rigid pavements, and while faulting is usually asso-

ciated with transverse joints, consideration must be given to the possi-

bility of faulting along the longitudinal joints if all load transfer

systems are eliminated and the majority of loads are applied on one side

of the joint. It may be desirable to provide some load transfer or align-

ment devices to prevent faulting, even though such devices may not provide

any significant level of load transfer. Keys and keyways could be used for

alignment only, but failure of the keyways would always provide a potential

maintenance problem.

In summary, load transfer devices can serve two distinct and separate

functions. First, they can be used and designed to reduce the level of

stresses and deflection at the pavement slab edges, and second, they provide

a means of slab alignment to prevent permanent, relative displacement of the

adjacent slab edges (faulting). Design considerations of the load transfer

devices for these two functions are completely different and must be consi-

dered separately.

Figure 5-1 shows 6 pavement sections which have approximately the same

level of edge stress due to a typical aircraft gear load applied near the

pavement edge. These systems range from straight butt joints without any

type of subbase or load transfer devices (Item f), to a combination of

stabilized subbase and load transfer by aggregate interlock (Item c). These

results are based on the theoretical pavement sections to produce adequate

load transfer to limit the edge load to a specified level under a given

load. These solutions do not take into account the need for a minimum

subbase for use as a construction platform or for drainage and frost control

purposes. These latter functions can be achieved with either bound or
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Figure 5-1. Equivalent Pavement Systems Based on Maximum Edge Stress
Criterion
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unbound granular subbaes which add little or nothing to the structural

capacity of the pavements, and for this reason were not included in these

analyses.

In addition to the pavement sections shown in Figure 5-1, there are

several other approaches to providing an adequate pavement section which

are viable from an analytical arid theoretical standpoint, but need further

evaluation for cost and construction problems. These alternate load trans-

fer systems are shown in Figures 5-2, 5-3, and 5-4.

Figure 5-2 shows a load transfer system known as a "keying device"

discussed earlier in Chapter 4. While these connectors will theoretically

provide all the load transferability needed to keep the level of edge load

stresses to an acceptable level there still remain serious questions with

regard to how closely such connectors must be placed, how to install such

connectors in a slip form paving operation, the long-term performance of

pavements with the devices, and the cost of installing such units. These

questions must all be evaluated before final decisions can be made with

respect to the use of such a load transfer scheme. A number of these

keying devices have been installed in France and the long-term performance

of these devices should be closely followed before added work is done on

them. Meanwhile, the custructability of joints with the keying devices

with slip form pavers should be evaluated.

Figure 5-3 shows a joint system referred to in this analysis as a

"Z" joint. Again, it can be demonstrated that this joint can theoretically

transfer all necessary loads to keep the edge stresses and deflections to

an acceptable level. It is noted, however, that all nestions raised with

regards to the French keying device are also applicable to the "Z" joint

system. In addition, there is a problem of how many "Z" type joints can be
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used in adjacent joints. The "1" type joint connection does not provide

for free horizontal movement of the slab edqes dS the slabs shrink and

expand due to temperature and ioi',ture changes. This restraint may produce

secondary cracking of the slabs if used on all joints across a 150 to 200 foot

wide runway. It is noted, however, that with pavement slabs 14 inches or

more in thicknesses, ties have been effective in pavement widths as great as

100 feet (4 - 25 foot lanes tied at 3 longitudinal joints). This 100 foot

width would normally support almost 99 percent of all traffic on a runway

and is greater than a typical taxiway system.

Figure 5-4 shows an alternate approach for getting the dowel load

transfer systems into the pavements with slip form pavers. The major

questions yet to be considered with this type of construction procedures

are cost, permanence of the proposed bond, and the best adhesives and

techniques to use for bonding the construction joints together.

In all of the joint load transfer systems shown in Figures 5-1 through

5-4 there is a question of the long-term durability of the load transfer

approach. As demonstrated in Chapter 4 of this report, excessive bearing

stresses between the dowels and the concrete can lead to elongation of the

dowel sockets and thus to loss of load transfer efficiency of the dowels.

Aggregate interlock can also be destroyed by repeated applications of high

shear stresses across the joint. Loss of load transfer with aggregate

interlock is most critical when the joints are allowed to open which can

be eliminated by tying the joints together. Field results support this

approach but there are insufficient documentation available to affect an

acceptable design for joints with aggregate interlock.

Stabilized subbases can provide significant stress relief if made

sufficiently thick and with adequate stiffness of the subbase material.
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This approach can be designed to provide adequate structural capacity and

efficient load transfer. If, however, the subbase and slab are bonded

together then any cracks which develop in the subbase will reflect through

the pavement slab. Conversely, if a bond breaker is used, then much of

the efficiency of the total system is lost so it is usually cheaper to

provide the equivalent structural capacity by increasing the thickness of

the pavement slab than by increasing subbase thickness beyond the minimum

required for construction, drainage and frost protection.

One method of longitudinal joint design which has been used with posi-

tive results is to use dowels as the load transfer systems. Such dowels are

usually installed by constructing a butt joint and drilling sockets and

grouting dowels in place. Gang drills for up to 7 holes at a time have been

developed and have proven to be an economical way to install the dowels.

Dowels are usually grouted into the fixed slab with an epoxy grout and the

remaining end of the dowel coated to prevent bonding to the concrete. At

least 4 airport pavements are known to have been constructed in this man-

ner (Memphis, Nashville, Milwaukee, Salt Lake City). An alternate to the

use of dowels in the longitudinal joint to install large diameter ties

(#10 or #11 deformed bars) by grouting in the same manner as with the

dowel s.

5.b Cost Analysis

The relative cost of the various pavement systems can be estimated

from the cost data provided below. These cost data were selected from

several sources which must remain confidential with the approximate range

for each as listed. The values given are reasonable and current to the

best of the author's knowledge, but it must be recognized that these
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unit costs will vary with time, from location to location, and from job to

job within a particular area. Such factors a,. the size of the project,

the equipment the contractor ats ivi 1,0c and the (Ieneral economic of

a particular area will all affect the cost data shown. All costs shown

represent "in-place" data.

Unit Cost
Item Range Unit Used

Portland Cement Concrete 1.25-1.60 Per sq yd per inch

Subbase In Place

Cement Stabilized Aggregate 0.70-0.80 Per sq yd per inch

Asphalt Stabilized Aggregate 0.80-1.10 Per sq yd per inch

Lime Fly Ash Aggregate 0.60-0.80 Per sq yd per inch

Crushed Stone 0.45-0.60 Per sq yd per inch

Gravel 0.40-0.50 Per sq yd per inch

Keyways in Long. Jt. 0.10-0.25 lineal ft

Dowels Installed in Basket (Fig. 5.4) 3.25-4.60 lineal ft

Dowels - Drilled and epoxied 3.50-5.00 lineal ft
(5 to 7 holes per operation)

Tie Bars for Agg. Interlock 1.50-2.50 lineal ft

Keying Device (Fre ,h) No Data

"Z" Joint No Data - Est. same as Tie Bars

Using the mean value for the cost data, and assuming a 25 foot wide

paving lane the unit cost per square yard of pavement for the various load

transfer systems can be estimated as follows.
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Cost per Square
Item (Fig. 5-1) Yard of Pavement

a - 12" PCC + Doweled Joints 17.40 4 1.40 = 18.80

b - 12" PCC + Tied Joint 17.40 4 .70 = 18.10

c - 12" PCC + 4" Stab. Subbase 17.40 + 3.00 = 20.40

d - 12" PCC + 6" Stab. Suhbase 17.40 + 4.06*= 21.46

e - 12" PCC + 3" PCC (Ave) 17.40 + 4.35 = 21.75

f - 12" PCC + 4" PCC 17.40 + 5.80 = 23.20

*(less $1.00 per square yard for longitudinal joint sawing)

The above analysis indicates that the doweled joints and the tied joints are

the most economical to construct. It must be kept in mind that some subbase

will also be required of all pavements for a construction platform and for

drainage and frost protection. For this analysis it is assumed that this

is a constant cost factor to be added to all of the pavement sections

analyzed.

The above analysis is based on first cost only and no attempt was made

to evaluate the relative maintenance costs or relative performance of the

various systems. It is known, however, that if inadequate dowel systems

and too hig) a stress level is permitted on the aggregate interlock joints

these systems will lose their ability to transfer load across joints. Design

criteria will have to be developed to insure proper design of such systems.

A suggested design based on the analyses presented in Chapter 3 and 4 of

this report is presented below with design recommendations.
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5.c Recommendations for Design

The design recommendations for lornjitudinal joints are has ed on the

criteria of adequate load transfer tW liit. LAi . ,. Liwi, alony

the edges and at the corners of the slab and must be economically constructa-

ble using either slip form or fixed form techniques. The procedures recom-

mended have been used at several airports and while long term performance

records are not available, short term performance records along with

calculated values indicate the proposed designs should give good performance

over a 20 year life.

Dowels and ties are the only proven methods of load transfer which

can be constructed with both slip form or fixed form pavers. Both dowels

and ties have been used extensively in airport pavements and while some

problems have been observed with both methods, these problniis can generally

be attributed to inadequate design standards rather than to basic defi-

ciencies in the system. The proposed designs should eliminate these

deficiencies.

In developing a design for the longitudinal joint, the critical

location is at the corners of the slabs. Furthermore, performance of

the longitudinal Joint is affected by the behavior and performance of

the transverse joint. Thus, for an effective longitudinal joint design

both the longitudinal and transverse joints must be designed as a unit,

i.e., protected corners.

In general it is recommended that a 100 foot wide keel section of the

runway be protected by ties or dowels for both the longitudinal and trans-

verse joints. This can be accomplished by doweliing or tying the three

central longitudinal joints and fully dowelling the 4 - 25 foot slabs in
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the keel sections. Since slabs outside this 100 foot wide keel section

will experience almost no traffic, no load transfer devices are required

in the region outside the keel area. All longitudinal and transverse joints

in taxiways should be protected with dowels or ties.

The efficiency of both ties and dowels are influenced by bearing

stresses between the bars and the concrete. Both methods of load transfer

decrease under repeated load application as the bearing stress increases.

This problem appears to be more critical with transverse joints which

experience complete stress reversal with each load application than with

the longitudinal joints which experience unidirectional stresses with each

pass of an aircraft. This problem is most crucial at the slab corners

where the forces on the dowels and ties are greatest. Thus, for effective

performance, the design of both longitudinal and transverse joints must

be designed to keep the bearing stresses between the concrete and steel

bars, either dowels or ties, at acceptable levels.

Bearing stress between the bars and the concrete is a function of bar

diameter, concrete modulus and the magnitude of force transferred.

Figure 4-11 shows how the critical bearing stress varies with the parameters

of concrete modulus, bar diameter, slab thickness and subgrade support for

a given magnitude of load transfer. From Figure 4-11 it is seen that slab

thickness and subgrade support have almost no effect on this property.

Consequently, the diameter of the ties and dowels for both longitudinal

and transverse joints should be selected on the basis of the best estimate

of the concrete modulus, and the magnitude and frequency of load applied near

the joints.

Allowable bearing stresses between the bars and concrete have not been

established precisely. Laboratory results reported by Cashell (35) indicate
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that if the maximum bearing stress approaches the compressive strength of

the concrete, a dowel looseness of around .005 inches could he anticipated

after 600,000 load applications (Fig. 4-15). This amount of looseness is

not excessive and joints with this magnitude of looseness can still provide

an effective load transfer. Results from O'Hare Airport suggest that these

values are realistic if good performance is to be achieved.

Figure 5-5 shows a typical failure pattern of a 15 inch jointed con-

crete slab at O'Hare Aiprort. It is noted that the load transfer of the

longitudinal joint was negligible and that there was significant looseness

of the dowels nearest the longitudinal joint. As the distance away from

the longitudinal joint increased, the magnitude of bar looseness decreased,

and near the center of the slab there was almost no discernable looseness

in the dowels.

Bearing stresses between the bars and the concrete can be calci,'ated

from equation 4-6, to wit,

(800 + .068 Ec)

7br 4/3 X (1 + 0.355W) LT

where

D = bar diameter in inches

Ec = Young's Modulus of the concrete in ksi

W = joint opening in inches

LT = maximum load transferred by a dowel in kips

Values for LT are obtained from ILLI SLAB model for specific laoding condi-

tions. Table 5-1 gives some typical values which were obtained for LT

and (;br for the O'Hare pavements assuming an Ec = 5 x 106 psi (3.5 GPa),

W : 0.1 inches (2.5 mm), and D = 1 1/4 inches (31.15 mm).
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Figure 5-5. Typical Failure Patterns in Pavement Sections
of O'Hare Airport.
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Table 5-1. Loads and Bearing Stresses at transverse Joints at O'Hare.

L o(a t iofl

Aircraft/Gross Wt. [dqe Corner

IT (psi) LT (psi)
br br

k
DC 10-30/558 k  6.52 5,720 11. 70 10,264

DC 10-30/4 0 3k 3.40 2,982 8.45 7,413

747/778 k  6.06 5,316 10.93 9,589

747/6CO k  4.70 4,123 8.43 7,395

From the bearing stresses in Table 5-1 it is seen that the potential

bearing stresses near the cornerwhere significant looseness was experienced)

was significantly higher than the anticipated strength of the concrete. Con-

versely, near the center of the joint where little looseness was observed,

the maximum anticipated bearing stress was on the order of the compressive

strength of the concrete.

Based on the results presented above, recommended joint designs for

longitudinal and transverse joints for airport pavements are given in

Figures 5-6, 5-7 ad 5-8 based on design aircraft of 727, DC-8 or 707 and

widebody aircraft. The load transfer devices indicated in these figures

were determined to acceptably limit the bearing stresses between the concrete

and the bar. Theoretically, it is possible to decrease the size of the

dowels and ties away from the joint areas, but this refinement cannot be

justified on the basis of the current technology. Current technology does

not permit a further breakdown of these design valaes and construction costs

would probably not justify a more detailed hreakdown.
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The proposed joint desiqri for the wildobi'v iilr( ri ( -q ) ik

being installed in severa I paveifnt (t i'ot. .0 ;i f o Aij'irt T he pro-

posed load transfer designs with ?1 ih it, ok reI e pa nlI I b and

6 inch stabilized subbase were compared wi 0 1 r t iendud 18 inch slab and

18 inch stabilized subbase using ronvent ih ii F AA Il)ad transfer patterns.

The proposed designs were found Lo he supt ir t oI o both the stress and

deflection criteria. Alternate lids to, both th -;1-6 with the proposed

load transfer devices and the recommended 18-18 -ection were taken with the

21-6 section and the proposed load tranfer pla lhid at 11 to 15 percent

below the standard 18-18 section. Thus, the proposed use of dowels and

ties for load transfer in concrete pavements appears to he both effective

and economical.
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CHAPTER 6

RECOMMENDATIONS FOR FURTHER STUDY

As indicated in the introduction to this report, field validation of

the analyses techniques developed were not a part of this study. Every

attempt has been made to validate the models developed by comparison of the

results from the models with results from classical theory when applicable,

and comparison with results from earlier tests on pavements. Results from

these comparisons indicate the models developed are valid and accurately

predict the response of the pavements to load.

While the models presented herein appear valid for a wide range of

loads and paving conditions, it must be borne in mind that the finite

element modeling is a somewhat artificial method of representing the faci-

lity modeled. As a consequence, these models should be used with limita-

tions, and while these limitations do not appear to be confining, they must

be defined so that the constraints of use are not violated. In other words,

the finite element model should be validated by comparison with field data

for the specific applications intended.

In addition to field validation of the model there are also questions

with respect to design criteria which must be addressed. Past and present

design procedures were based on limiting stresses calculated using some

assumed load transfer conditions across joints. With more precise methods

for determining the effective load transfer across joints, and the effect

of this load transfer on the responses of the pavement, new design criteria

may be needed for reliable design.

Some of the load transfer procedures proposed herein have proven effec-

tive based on analysis of the systems, and some have even been validated by

laboratory tests. The questions yet to be answered is how effective these
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load transfer devices will be over the lonq term. For example, it has been

clearly shown that dowels are very eifecti~e loid transfer devices provided

the dowels remain tight in the concrete sockets. Concrete sockets may

elongate, however under repeated stress reversals if the bearing stress

between the dowel and concrete are high. The level of stress at which the

concrete dowel socket deterioration can be held to an acceptable level must

be established before doweled joint systems can be designed with confidence.

Because of these and similar problems, studies must be undertaken to

complement and validate the findings presented herein. These studies

should include but not necessarily be limited to the items listed below:

1. Field validation of the finite element model presented herein

and detailed in Volume III of this report. This should he done by

instrumenting pavements in the field and comparing measured deflec-

tions and strains in the loaded pavements with results from the FEM

model.

2. Validate the performance of the proposed load transfer systems

both in the field and in the laboratory as indicated below:

a. Dowels and tie bars with aggregate interlock have been

demonstrated in the laboratory but must be validated under field

conditions. '',is can be done by evaluating the performance of

doweled and tied joints of pavements in service and comparing

the bearing stresses between the bars and the concrete with the

performance of these systems in service.

b. The keying device shown in Figure 5-2 should be evaluated

for constructability when used in conjunction with slip form

paving, and its performance in service should be followed

obtaining the appropriate data from the ongoing studies in

France.
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c. Load transfer systems shown in Figures 5-3 and 5-4 should

be evaluated for constructability, and, if feasible, tested in the

laboratory for effectiveness.

3. Cost effective studies of the various load transfer devices

should be evaluated.

These are the most critical and potentially the most productive of the

items requiring further study. Other concepts for improving the joint

design of slip formed rigid pavements should also be evaluated as they are

developed. For the immediate 'present, use of dowels and large diameter

tie bars appears to be the most reliable. The use of the "Z" joint shown

in Figure 5-5 appears to be a reasonable alternative but its cost, con-

structability, performance and reliability must be established through

tests before this type joint can be specified on a routine basis.
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APPENDIX A

TABULATION OF STIFFNESS MATRI-X
AND LOAD VECTOR
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-kA.l a Stiffness Miatrix for Concrete Slab, 'Aahilized Bwe(, and Overlay

Stiffness matrix for a r ec tangular, isotropic element, whi~h

isasymmnetric 12x12 matrix is given as:

S(l,l) = (R)(60 G + 60 H + 30 V + 84 U)

S(2,1) = (R)(-60 H - 30V - 12 U)B _______

S(2,2) = (R)(20 H + 8 U)C24

S (3,1l) =(R) (60 G + 30 V + 12 U)A m

S(3,2) = (R)(-15 V)E

S(3,3) = (R)(20 G +8 U)D1-b X

S(4,1) = (R)(30 G - 60 H - 30 V - 84 U) 2 A

S(4,2) = (R)(-60 H - 12 U)B

S(4,3) = (R)(30 G - 30 V - 12 U)A

S(4,4) = S(l,l)

S(5,1) = S(4,2)

S(5,2) = (R)(10 H - 2 U)C

S(5,3) = 0.

S(5,4) = - S(2,1)

S(5,5) = S(2,2)

S(6,1) = S(4,3)

S(6,2) = 0.

S(6,3) = (R)(10 G -8 U)D

S(6,4) = S(3,1)

S(6,5) = -S(3,2)

S(6,6) = S(3,3)

S(7,1) = (R)(-60G + 30 H -30 V -84 U)

S(7,2) = (R)(-30 H + 30 V + 12 U)B
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S(7,3) = (R)(60 G + 12 U)A

S(7,4) = (R)(-30G - 30 H + 30 V +114 U)

S(7,5) = (R)(-30 H + 12 U)B

S(7,6) = (R)(-30 G + 12 U)A

S(7,7) = 5(1,l)

S(8,1) = S (7,2)

S(8,2) = (R)(1oH - 8 U)c

S(8,3) =0.

S(8,4) =-S(7,5)

S(8,5) = (R)(5 H + 2 U)C

S(8,6) = 0.

S(8,7) = S(2,1)

S(8,8) = S(2,2)

S(9,1) = -5(7,3)

S:9,2) = 0.

S(9,3) = (R)(10 G -2 U)D

S(9,4) = -S(7,6)

S(9,5) = 0.

S(9,6) = (R)(5 G + 2 U)D

S(9,7) =-5(3,1)

5(9,8) = -S(3,2)

S(9,9) = S(3,3)

S(10,1) = S(7,4)

S(10,2) = -5(7,5)

S(10,3) = S(7,6)

S(10,4) = S(7,1)
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S(10,5) =-S(7,2)

S(10,6) = S(7,3)

*S(10,7) = S(4,1)

S(10,8) = S(4,2)

S(10,9) = -S(4,3)

S(11 ,1 ) = S(7,5)

S(11,2) = S(8,5)

S(11,3) =0.

S(11,4) =- S(7,2)

S(11,5) =-S(8,2)

S(11,6) =0.

S(11 ,7) =S(5,1 )

S(11,8) =S(5,2)

A S(11,9) =0.

S(11,10) =-S(2,1)

S(11,11) =S(2,2)

S(12,1) =S)9,4)

S(12,2) = 0.

S(12,3) = S(9,6)

S(12,4) = S(7,3)

S(12,5) = 0.

S(12,6) = S(9,3)

S(12,7) = -S(6,1)

S(12,8) = 0.
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S(12,9) =S(6,31N

S(12,10) = -S(3,l)

S(12.11) = S(3,2)

S(12,12) = S(3,3)

where:

S(ij) = element at i-th row and j-th column

2A = X-dirnension of the element

2B = V-dimension of the element

C = 4B 2

D = 4A 2

E = 4AB

F = AB

G = (B/A) 2

H = (A/B)2

1 Eh
R = 60 AB 12(1 - V)

U- 2

E = modulus of elasticity

V =Poisson's ratio

h = thickness of the element

A.2 Stiffness Matrix for Subgrade

Stiffness matrix for a rectangular subgrade element resting

under concrete slab or stabilized base, which is a symmetric 12x12

matrix is given as:
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F(1,1) = 24179 Q

F(2,I) = -6454 BQ

F(2,2) ;240 B2Q

F(3,1) 6454 AQ 2 4

F(3,2) = -1764 ABQ

F(3,3) = 2240 A2Q nq

F(4,1) = 8582 Q 11

F(4,2) = -3836 BQ { 2A
F(4,3) = 2786 AQ

F(4,4) = 24178 Q

F(5,1) = 3836 BQ

F(5,2) = -1680 B2Q

F(5,3) = 1176 ABQ

F(5,4) = 6454 BQ

F(5,5) = 2240 B 2Q

F(6,1) = 2786 AQ

F(6,2) = -1176 ABQ

F(6,3) = 1120 A2Q

F(6,4) = 6454 AQ

F(6,5) = 1764 Al),,

F(6,6) = 2240 A2Q

F(7,1) = 8582 Q

F(7,2) = -2786 BQ

F(7,3) = 3836 AQ

F(7,4) = 2758 Q

F(7,5) = 1624 BQ

F(7,6) = 1624 AQ
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F (7 7) = 24178 Q

F(8,1 ) = -2786 BQ

F(8,2) = 1120 G 2r,

F(8,3) = -1176 ABQ

F(8,4) = -1624 BQ

F(8,5) = -840 B 2Q

F(8,6) = -840 A 2Q

F(8,7) = -6454 BQ

F(8,8) = 2240 B 2Q

F(9,1) = -3836 AQ

F(9,2) =1176 ABQ

F(9,3) = -1680 A2 Q

F(9,4) = -1624 AQ

F(9,5) = -784 ABQ

F(9,6) =-840 A2Q

F(9,7) = -6454 AQ

F(9,8) =1764 ABQ

F(9,9) ~.240AQ

F(10,1) =2758 Q

F(10,2) =-1624 BQ

F(10,3) =1624 AQ

F(10,4) 8582 Q

F(10,5) =2786 BQ

F(10,6) =3836 AQ

F(10,7) =8582 Q

F(10,8) 3836 BQ

F(10,9) =-2786 AQ
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F(10,10) 24178 Q

F(11,1) 16/4 BQ

F(11,2) = -840 B2Q

F(11,3) 784 ABQ I.
F(11,4) = 2786 BQ

F(11,5) 1120 B2Q

F(l1,6) = 1176 ABQ

F(11,7) = -3836 BQ

F(11,8) = -1680 BQ

F(11,9) = 1176 ABQ

F(11,10) = 6454 BQ

F(11,11) = 2240 B2Q

F(12,1) = -1624 AQ

F(12,2) = 784 ABQ

F(12,3) = -840 A2 Q

F(12,4) = -3836 AQ

F(12.5) = -1176 ABQ

F(12,6) = -1680 A

F(12,7) = -27;6 AQ

F(12,8) = -1176 A04

F(12,9) = 1120 A2Q

F(12,10) = -6454 AQ

F(12,11) = -1764 ABQ

F(12,12) = 2240 A2Q

where:

F(ij) = element at i-th row and j-th column

2A = X-dimension of the element
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2B Y-dimension of th," elevent

kQ 10

k modulus of subgrale reaction

A.3 Equivalent Nodal Force Vector

The equivalent nodal forces for a uniformly distributed

load (q), over a rectangular section of the plate element which is

a 12xl vector is given as:

Y

Load - 4

a1  a 2

2 A

P(U) = - (0.75/A2 )R4 - (0.25/AB)R5 - (0.75/B2 )R6 + (0.25/A 3 )R7

+ (0.375/A 2B)R 8 + (0.375/AB 2)R9 + (0.25/B 3)R10

- (O.125/A3B)R - (0.125/AB3 )R
11 12

P(2) = -R3 + (0.5/A)R5 + (I/B)R 6 - (0.5/AB)R9 - (0.25/B2 )R10

+ (0.125/AB2 )R1 2
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2
P(3) = 2 - (0.5/A)R4 - (0.51B)R5 + (0.25/A )R7 + (0.25/AB)R8

- (0.125/A 2B)R 11

P(4) = (0.25/AB)R5 + (0.75/B2)R6  (0.125/A 2B)R8 - (0.125/AB2 )R9

(0.25/B )R1o + (0.125/A B)Rll + (0.125/AB )R12

P(5) = (0.25/B)R6 - (0.25/AB)R9 - (.25/B2)R + (O.125/AB2 )R12

2
P(6) = (0.5/B)R5 - (0.5/AB)R8 + (0.125/A B)R11

R(7) = (0.75/A 2 )R4 + (0.25/AB)R5 - (0.25/A 3)R7 - (0.375/A 2B)R8

- (0.375/AB2 )R9 + (0.125/A
3B)R11 + (0.125/AB

3)R1 2
R(8) = -(0.5/A)R 5 + (O.5/AB)R9 - (0.125/AB2 )R12

R(9) = -(O.5/A)R 4 + (0.25/A2 + 5B)R 8  (.125/A2B)R

R() = -(0.25/AB)R 5 + (0.375/A 2B)R8 + (.375/AB2 )R9 (.125/A3 B)Rl

(0.0.125/A3B)R

- (0. 125/AB3)R12

R(11) = (O.25/AB)R9 - (0.125/AB2)R12

R(12) = - (0.25/AB)R8 + (0.125/A
2B)R1 l

where:

P(i) = element at i-th row

2A = X-dimension of the element

2B = Y-dimension of the element

R = q(a2 - a1) (b2 -. b1)

2 2
R = q(a- a1) (b2  bl)/2

R3 = q(a2 - a1) (b - b )/2
3 3

R= q(a3 - a3) (b2  bl)/3
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2 2 2 2
R 5  q(a 2 _a I (b? -b1)/

R qa a (b3 _b3)/
R6  q~ 2  1) ( 2 -

4 4
R q(a 2 _ a) (b2  )/

3 3 2 2
Rg q(a 2 _a1) (b~ 3- /

29 -81 ( 2  1

R1 0 = q(' 2 - a,) (b 2 b1 /

RH = q~ 4 (b 2  b2/

11 2 2 -

R q(a 2a2  (b 4  0 /

q =tire pressure

a,, a2 = X-dimensions of the loaded area

b1, b2 = V-dimensions of the loaded area

182


